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ERROR ANALYSIS OF PML-FEM APPROXIMATIONS FOR THE HELMHOLTZ
EQUATION IN WAVEGUIDES

SEUNGIL Kim!

Abstract. In this paper, we study finite element approximate solutions to the Helmholtz equation
in waveguides by using a perfectly matched layer (PML). The PML is defined in terms of a piecewise
linear coordinate stretching function with two parameters for absorbing propagating and evanescent
components respectively, and truncated with a Neumann condition on an artificial boundary rather
than a Dirichlet condition for cutoff modes that waveguides may allow. In the finite element analysis
for the PML problem, we have to deal with two difficulties arising from the lack of full regularity
of PML solutions and the anisotropic nature of the PML problem with, in particular, large PML
damping parameters. Anisotropic finite element meshes in the PML regions depending on the damping
parameters are used to handle anisotropy of the PML problem. As a main goal, we establish quasi-
optimal a priori error estimates, that does not depend on anisotropy of the PML problem (when no
cutoff mode is involved), including the exponentially convergent PML error with respect to the width
and the strength of PML. The numerical experiments that confirm the convergence analysis will be
presented.
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1. INTRODUCTION
We consider the time-harmonic wave propagation problem in a semi-infinite waveguide 24

Au+ku=f in Qu,
ou (1.1)

%:0 on 0

with a radiation condition at infinity, where v stands for the outward unit normal vector on the boundary 0.
Here Q. is a domain such that

Qoo N{(z,9) ERx R+ 2> —§} = (—6,00) x O,

1.2
Q:= Q. N{(z,y) e Rx R : 2 <0} is bounded, (12)

with a constant § > 0 and a bounded cross-section © C R?~! d = 2 or 3 (see Figure , and f is a wave source
in L2(Q.) supported in the region for x < —J. We assume that the waveguide Q. and the cross-section © have
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FIGURE 1. Configuration of the waveguide Qo in R?

sufficiently regular boundaries so that the solution u to the problem lies in H?(2), for example, Q. is a
semi-infinite waveguide with smooth boundary or a semi-infinite convex waveguide with a convex cross-section
©. Also, we assume that k2 is not an eigenvalue of the waveguide o, for well-posedness of the problem. The
existence of eigenvalues of a waveguide can be found in e.g. [13}/16].

Numerical study for the problem requires domain truncation techniques that can produce approximate so-
lutions in the region of interest not to be seriously contaminated by the reflection resulting from the domain
truncation. They include methods such as PML [3], truncated DtN approaches [4,|18,[20], rational function
approximations to the DtN operator [14] or complete radiation boundary conditions [19}[241[28/[29].

In this paper, we study an error analysis for finite element approximations to the waveguide problem truncated
via a PML with a piecewise linear coordinate stretching. The PML application transforms the Helmholtz
equation to an anisotropic partial differential equation with discontinuous coefficients, whose solution lacks the
full regularity. The anisotropy and low regularity may decrease convergence rate, however by observing that
PML approximations can have the full regularity in each subdomain on which coefficients are constant (which
will be verified later) and taking finite element meshes reflecting the anisotropic property of coefficients, we
show that finite element PML approximations converge in a quasi-optimal rate, independent of anisotropy of
the PML problem, including an exponentially decaying reflection error written as e =27+ where o, is a constant
associated with the PML strength and L stands for the width of the PML region.

It is out of question that the PML method is a well-analyzed numerical technique for wave propagation
problems. One of useful approaches for studying the problem in a Cartesian coordinate configuration is based
on the Green’s function of the Helmholtz equation [8,25-27]. In this approach, we first study well-posedness of
an infinite PML problem and then use this result to establish the well-posedness of a truncated PML problem
and convergence of approximate solutions. However this approach is not appropriate for studying our case
since the Green’s function is not available in general semi-infinite waveguides. An alternative way presented
in [3}/9,/10] is one that splits the problem into two parts, one of which is posed in only the artificial absorbing
layer, PML, and the other is the problem posed only in the physical region. The problem in the physical
region is supplemented with a DtN-like operator induced from the problem in PML for an absorbing boundary
condition. We follow this approach to study well-posedness and convergence of PML solutions in the physical
domain. In addition, we use the series expansion method in terms of cross-sectional eigenfunctions in PML to
study a regularity of PML solutions, which is an important ingredient for a quasi-optimal convergence of finite
element approximations.

Unlike exterior problems, waveguide problems can involve evanescent modes, and even cutoff modes as well
as propagating modes. In order to handle more efficiently evanescent modes and cutoff modes, we modify the
standard PML in two aspects. The first one is that PML is truncated with a homogeneous Neumann boundary
condition instead of a usual Dirichlet condition. We note that since any coordinate stretching can not make
cutoff modes decay exponentially the PML with the homogeneous Dirichlet condition would doom to fail to
absorb cutoff modes effectively. However, it can be expected that the Neumann boundary condition behaves the
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exact radiation condition for cutoff modes in that cutoff modes deformed by any coordinate stretching function
have no variation along the axis of waveguides. The second one is that we introduce one more parameter in
a coordinate stretching function for reducing reflection of evanescent modes more rapidly, in particular, when
wave sources are too close to the absorbing layer or there is slowly decaying evanescent modes. The coordinate
stretching function Z that will be used for PML is defined as & = o(z)x, where o is a piecewise constant function,

1 for z <0,
olw) = { o9 =0, +1i0; forx>0 (1.3)

with o,,0; > 0. o0; is a usual PML parameter responsible for making propagating modes decay exponentially
and o, is introduced for damping evanescent modes more rapidly. The PML strength o, mentioned earlier to
describe the exponential convergence rate is proportional to |og| (see (3.2)).

Here we note that this choice of a coordinate stretching function with low order smoothness causes dis-
continuity of coefficients of the PML problem and so that the problem falls within the realm of interface
problems [112L[22,[30]. Since solutions to problems with non-smooth coefficients do not have the full regularity,
a low rate of convergence of finite element approximations might occur without special care for finite element
spaces. Nonetheless, it is observed in numerical experiments of [8] that standard finite element approximations
of the PML problem converge in a desired rate without the full regularity. Even though PML solutions are
not regular in the whole computational domain, it turns out that PML solutions can have the full regularity
in two separate domains on which coefficients are constant. It allows us to utilize an idea similar to Schatz’s
argument [31] with the full regularity on each subdomain and derive the quasi-optimal convergence rate of finite
element approximations as long as finite element meshes are aligned along the interface between the physical
region and PML. It is worth noting that there have been intensive studies on the regularity [6}/12}22}30] of
solutions of general interface problems (with real coefficients opposed to imaginary coefficients of the PML
problem) and finite element applications [1L[5/7}/11].

Since the convergence rate e27#L of PML solutions depends on the product of the PML strength o, and
the PML width L, errors of PML solutions resulting from different pairs (o, L) of the parameters are all the
same as long as o,L is constant. However, it may not be true any more for finite element problems in that
the PML problem with large o, has highly anisotropic nature. For finite element problems, we need to avoid
using a strong PML strength without special care for meshes in the PML region. In fact, if we set values of o,
and L such that o, L is constant and take a shape-regular and quasi-uniform mesh with fixed mesh size, then
the anisotropy makes finite element errors worse as o, increases. In this paper, we consider anisotropic meshes
reflecting the anisotropic property in the PML region to get rid of the influence of the anisotropy arising from
PML. To do this, when the physical domain 2 is decomposed into shape-regular and quasi-uniform meshes with
mesh size h, in the PML region we take the mesh size hpy, along the axis of the waveguide proportional to
h/|oo| while the cross-sectional mesh size is kept in the same level of h. We note that this approach requires
the number of degrees of freedom for finite element approximations to be invariant in order to keep the same
reflection errors and finite element errors since the number of grid points along the axis of the waveguide in
the PML region is O(L/hpmr) = O(Jog|L/h). However, by doing so we establish a quasi-optimal a priori error
estimate, that does not depend on anisotropy of the PML problem (when no cutoff mode involved), including
the exponential convergence of PML errors.

The outline of the paper is as follows. In Section 2 as preliminaries, we review the exact radiation condition
based on the DtN operator in waveguides and reformulate the PML problem in a variational form. In Section
3 we discuss a selection of the PML parameters and provide some estimates important for the stability and the
convergence analysis. In Section 4 we study the problem posed only on PML and introduce an approximate
DtN operator induced from it. Section 5 is devoted to an analysis on the problem posed on the physical region
) and convergence of PML approximate solutions to the radiating solution. In Section 6, the well-posedness of
the problem on the whole computational domain and regularity of the solution are investigated. A finite element
error analysis will be delivered in Section 7. Finally, numerical experiments illustrating the theory developed in
the proceeding sections will be presented in Section 8.
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2. PRELIMINARIES

In this section we provide a review on the exact radiation condition based on the Dirichlet-to-Neumann (DtN)
operator in waveguides in terms of series expansions and introduce the PML problem in a variational form. For
simple presentation, we only deal with the case d = 2 throughout the paper and the three-dimensional problem
can be analyzed in the same way without any essential change.

Let {Y,,}52, be an orthonormal basis consisting of Neumann eigenfunctions of the transverse negative Laplace
operator —A, in the domain © associated with Neumann eigenvalues A2 such that

D= X< M<...<\<...

and A\, — oo as n tends towards infinity. Clearly, there exists N such that £k > A\, for n < N and k£ < A, for
n > N.

We denote Iy = {0} x © and so Ty can be identified with ©. Let H*(I'y), —1 < s < 2, be the Sobolev space
equipped with the norm

~ 1/2
lll grs(rg) = (Z(l + Ai)s|un|2>

n=0

for u = >°°° u,Y,. This space of order —1 < s < 3/2 is identical with the usual fractional Sobolev space
H*(Ty) of order s obtained by the real interpolation. For 3/2 < s < 2, it is thought of as a space of functions
which are in the fractional Sobolev space of order s and whose normal derivative vanishes on dT'y [23].

We note that the radiating solution u of the problem has the series representation for x > 0,

u(z,y) = Z A, ey, (y)
n=0

N 00
= Z Apet Y, (y) + Z Ane MY, (),
n=0 n=N+1

where p,, = y/k? — A2 with the square root of the negative real axis branch cut and p,, = ifi, with fi, > 0, the
decay rate of evanescent modes for n > N.

Remark 2.1. We assume that k is a fized positive wavenumber. For a distribution of \,, k may coincide with
AN or may not be equal to any of \,, depending on the position of k with respect to An. If k = Ay, then the
N-th mode is called a cutoff mode. In case that k is not equal to any of \,, k may be close to A, for some n.
In this case the n-th mode is a near-cutoff mode with 0 # |u,| < 1. As the value of || of near-cutoff modes
makes a considerable influence on the stability and the convergence of approximate solutions, some estimates
related with the smallest non-zero |p,| will be given in Section @

Now, the radiation condition can be characterized in terms of the so-called Dirichlet-to-Neumann(DtN)
operator

T : HY2(Dy) — H™Y2(Iy)

defined by

T(u) = Z Uy Yy, (2.1)
n=0
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for u=730" junY, € H'/? (Ty), that is, radiating solutions satisfy the Helmholtz equation with the radiation
condition on I'y
Au+Ku=f inQ,
ou

o 0 on 90\ Iy, (2.2)
0
a—:j =T(u) onTIy.

Denoting the L*-inner product on a domain D by (f,g)p = [, f(x)g(x)dz, and a duality pairing between
H=%(D) x H*(D) for —1 < s < 1 by (-,-)s.p, the variational problem for (2.2)) is to find u € H() satisfying

Aqo(u,v) — (T(u),v)1 /21, = (f.v)o for allv e H'(Q), (2.3)

where
AQ(ua U) = (vua VU)Q - k2(u7 U)Q-
We recall the following well-known theorem [4,/17]. The proof is provided to keep this paper self-contained.

Lemma 2.2. Assume that k? is not an eigenvalue of the waveguide Q. Then there exists a positive constant
C such that for w € H'(Q)

Aq(w, ¢) — (T(w),
lwllgi) <C  sup |Aq(w, ¢) — (T'(w) ¢>1/2,r0|.

(2.4)
0£pe H1 () o1l 5 ()

Proof. We observe that
Ag(w,w) — (T(w), w12, = |[wlF (@) — (K + Dwll7z@) — anlwnl ;

for w € H*(Q) with w = Y7" jw, Y, on Iy, from which Géarding’s inequality follows,
[Aq(w, w) = (T (w), w)1/2,r,| = R(Ag(w, w) = (T(w), w)1/2.r,)

= [wllfr @) = B+ DlwlFagy + Y finlwnl
n=N+1

> [lwllF ) — (B2 + Dw][Z2(0)

Since k2 is not an eigenvalue of the waveguide Q., the Petree-Tartar lemma (see e.g, [15]) leads to the required

inf-sup condition (2.4)). O
Along the complex stretched contour given by (1.3]), the PML solution @(z,y) = w(Z,y) can be written as

N
ir,y) = Y Apenorem oy, ( Z Ape im0 = iinowy, (). (2.5)

n=0 n=N+1

Since the PML solution is a superposition of cutoff modes and evanescent modes whose decay rates are controlled
by o, and o, it is natural to truncate the infinite domain at = L (here L is a parameter representing the width
of PML and the resulting boundary is denoted by I'1,) and impose a convenient boundary condition such as a
homogeneous Dirichlet or Neumann condition on the fictitious boundary I';,. As mentioned in the introduction,
the Neumann condition will herein be employed in order to achieve the better performance for cutoff modes.
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Let

QPML = (O, L) X @,
Qr = Qo N{(z,y) ERx R+ z < L}
See Figure [1] Here Qpyp, is the artificial layer to absorb wave fields propagating into it and €y will serve as

the computational domain containing 2. Denoting ¢ = dZ/dx, the reduced problem supplemented with the
homogeneous Neumann boundary condition on I'y is to find the PML solution @ satisfying

1010

*7*771(I, y) + Ayﬂ(l',y) + kzﬂ(xay) = f in QLa

o 0x o Ox (2.6)
@ =0 on 8QL
ov

From now on, for a domain D we will use the weighted norms

||U||%g(p) = (|o|u, u)p,

1 Ou Ou
Iy ) 1= (o7 g oo + (o191 ) + (ol b

in L?*(D) and H'(D), respectively. These spaces are denoted by L2(D) and H}(D) to distinguish them from
the Sobolev spaces with the usual Sobolev norms.
The truncated problem (2.6) can be reformulated into a variational problem to find @ € H1(Qy) such that

A, ¢) = (f,d)a forall ¢ € Hy(Qu), (2.7)
where A(-,-) is a sesquilinear form defined by

10u Ov @@

A(uav) = (;%’ %)QL + (Uay7 ay

Yo, — k*(ou,v)q, for u,v € HX(Qy).

We will study the problem by splitting it into two sub-problems. One is the problem posed on the
absorbing layer Qpyp,. This local problem is devoted to defining an approximate DtN operator, which can be
substituted for the DtN operator in the problem for an approximate radiation condition. The other is
the problem on the physical domain €2, where we are interested in approximate solutions and the convergence
analysis will be conducted in this region. Before we proceed to the analysis for the PML problem , we
discuss a selection of the PML parameters and some estimates important for the stability and the convergence
analysis in the following section.

3. PARAMETER SELECTION AND NEAR-CUTOFF MODES

In this section, we discuss a selection of the PML parameters and some estimates related with the smallest
non-zero |, |. These estimates are important for the stability and the convergence analysis and will be used
for norm estimates frequently throughout the paper. We begin with a notational assumption for cutoff modes.
Since Fourier coefficients for cutoff modes are linear functions with respect of x, that are different from those
(exponential functions) of any other modes and so they need a special care, we will reserve the index N for cutoff
modes. Hence, if k2 does not coincide with any of eigenvalues of —A, on O, then eigenvalues are numbered
without the index N, thatis, ... < Ay_1 < Ayy1 < ....

As we will see later in the convergence analysis, the reflection of propagating modes with axial frequency
fir, is reduced by a factor e=2#n%L and that of evanescent modes with decay rate fi,, is decreased by a factor
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e~ 2inorL Thus, the overall reflection error is determined by

rnin{eiQ’“\’—“”L,672[“\’“‘”L}7 (3.1)

which is related with the reflection error of near-cutoff modes when puy_1 or fiyy1 is very small. In order to
describe the impact of near-cutoff modes on the stability and the convergence of approximate solutions, we
introduce a constant pi,;, representing the smallest non-zero ||,

Hmin ‘= min{|ﬂn| D F O}a
and norm estimates in the rest of the paper will be made with constants involving fimin.

According to (3.1]), the reflection errors of the propagating component and the evanescent component can be
kept in the same level when pn_10; = fint+10,. Thus we will choose the parameters o, and o; satisfying

UN-10; = fiNy10, > L.

Here we introduce a constant o, := puny—10; = fin+10, for the PML strength instead of |oo|. This choice of o,
and o; implies that

1 1 ;
o9 =20 (~ + ) = |O’0‘6100 (32)
HN+1 UN—-1
for a fixed 6y € (0,7/2). Then it can be shown that |og| is proportional to o,. More precisely, we have
1 2
o, <log| < oy (3.3)
min Hmin
Also, it holds
loo| < o Or, loo| < Coy, or
min
A4
. (3.4)
loo| < Cop, loo| < ——03,
min

depending on whether k£ is closer to Ay _; or Any4; than the other. From here on we shall use a generic constant
C that takes different values at different places but depends only on k2, the cross-section © or the domain
but not PML parameters. We further assume that the PML parameters o, and L satisfy

o L > 1. (3.5)

Remark 3.1. In practice, the exact values of uy—1 and fix+1 may not be available. In this case, we ap-
ply a Lanczos algorithm to the cross-sectional domain © to compute the eigenvalues nearest k* and use this
information to find an appropriate og.

Norm estimates in this paper require upper bounds of |,|?(1 4+ A2)~! and |p,|~2(1 + A2) for A, # k, which
are also related with pmi, as reflection errors depend on it. If we work with a wavenumber k such that k = Ay,

then fimi, is given by min{ \/)\?\, -1 \/)\%\,_H — A%}, however in case that k # A, for all n but k is close to
AN—1 O Ay instead, we have

1 1
fomin = K> = Ay, < 5()‘?\7“ —Ay_1) and A%y, — k%> §(A?v+1 —Ay_1), or

IN

1 1
IU/rznin = )‘?\Prl -k’ 50‘?\%1 - )‘?VA) and k* — )‘?Vfl > §(>‘%v+1 - )\?\ul)-
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In such a case it can be shown that

|/1*n|2 |k2 _)‘2‘

= - <C 3.7
1+X2 1+A2 (3.7)
14+X2 1+ < c for non-near-cutoff modes, (3.8)
linl2 K2 —=X2| = | Cupi,  for near-cutoff modes, ‘

Due to the presence of u;fn in (3.8)), it will be found that the convergence of approximate solutions becomes
worse if a near-cutoff exists.

4. PROBLEM ON py1, AND APPROXIMATE DTN OPERATOR

In this section we study the PML Helmholtz equation on Qpyr and an approximate DtN operator associated
with the local PML problem. Let H}(Qpyr) be the subspace of functions in HZ(pyr,) vanishing on T'g. For
g € HY?(T'y) we consider the variational problem to find w € H}(Qpwr) satisfying w = g on Ty and

APML(U)7 (;5) =0 for all d) S ﬁ;(QpML), (41)

where Apwmry (-, -) is the sesquilinear form on H L(Qpmr) defined by

(o )+ (0o, 20
o or’ Or QpML a 6 QpmL

ApmL (u7 v) = - k2 (O”Ll,7 U)QPML

for u,v € ﬁ;(QpML) with the constant o = (. Clearly, we can observe that Apyy(-,-) is bounded,

[ Apmr (u, v)| < Cllull g @pam) 1V E22 (2par)» (4.2)

and satisfies
ApML (u, ’U) = ApmL (17, a) (43)
for u,v € H:(Qpmr). The well-posedness of general source problems associated with the sesquilinear form

ApmL(+, ) in PNI;(QPML) is established by the following lemma regarding the coercivity of Apmy (-, ), which can
be proved by the similar idea used in [10].

Lemma 4.1. There exists a positive constant C such that

(o L)
w11 (@pary < O Apmr. (w, w)| (4.4)

fO?” w e g;(QPML)-
Proof. For w € ﬁ;(QpML), we have

1 1 0w,

;%(APML(W w)) = |o |2 H HLz(sszL) + H ||L2(QPML) k2||w||2L2(QpML)a (4.5)

1 (?w

—S(Apmr(w, w)) = |J |2 15, HL 2(Qpar) T H ||L2(QPML) k2wl 72 (@pare ) (4.6)
from which it follows that

1 1 2

f%(APML(U), w)) — 7%(APML (w, w))

oy o | 00

2152 1 o (47)
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Since w vanishes on Iy, it is easy to see that

”wHL2(QpML) L2|| ||L 2(Qppr)?
which implies from (4.5 that
o 1
Ay ) 2 (s = 02+ 1)|00|L2) 1 e
’ 0 (4.8)
+ |UOH| HL2(QPML) + ool wllZz(py.)-
Now, it can be shown from (4.7) and (4.§)) that for v = (k? + 1)|og|3L?/2
2 1 1 o~ |00‘
[wllzy @erny <7 { o R(APyL(w, w)) = —S(Apaw(w, w)) | + —=R(Apaw (w, w))
T 7 T
+ |o
= VTW%(APML(w,w)) — L(Apus (w,w)).
By using (3.3 and (3.4)) we are led to
(o L)2
[wliZs ey < €5 Apmr (w, w)],
which is the required coercivity.
Il

We consider the regularity result of the source problem with F € L2(Qpyy,) to find w € H L(Qpwr) satisfying

Apup(w, §) = (00F, ¢)apy,,  for all ¢ € H:(Qpur) (4.9)

with respect to the higher order norm

||w||%I§(QpML) = ||w|\12r{1(QpML)
1, 0%w 1, 0%w

w
(s 922 ||L2 (Qpar) T Hm”m(gpm) + |O—0H|87y2||%2(QpML)

|<70|3 W

by using the method of eigenfunction expansions.

Lemma 4.2. The solution w to the problem (4.9) satisfies

(L)

mlIl

||w||H2(QpML) <C ||F||L2(QPML)

Here o, L is not involved if there exists no cutoff mode.

Proof. Let D := (0,L) C R and {X,,}°_, be a complete orthonormal basis for L?(D) consisting of eigenfunc-
tions of the Sturm-Liouville problem on D,

dZXm 2 de
T gE = mXm Xn(0)=0,757

(L) =0. (4.10)
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For F' € C*(QpMmL), we can find an eigenfunction expansion,

= Z Z meXm(l')Yn(y)'

n=0m=1

Since we look for the solution w of the form

= an(a:)yn Z <Z Wy, X m > Yn(y>7

n=0 n=0

each coefficient w,, ,,, solves the problem
(G 4+ (X% = k)03 Wnm = 05 F -

Since w,, satisfies the same boundary conditions as those that X, does, by the idea used in 23], we have

dwy, = o .
|| dxd ||L2 - Z C?Tﬂ’wnm|2 for J = 07 1727
m=1

from which it follows that

||w||§fg(QpML)

= 1 d*w 1 dw
= . 1+ A2 “
S (ol g o + 0+ X1

Z Z Ch + A+ X)]o0? + (1+ A2 + X} )|ool* |oo|* | Fm |?
22 oo CZ 1 02 - B2)o3P

2
(0L
< (%) 171

min

oy + (L4 X2 + A5 ool w2 D))

In the inequality, we have used Lemma in Appendix. Finally, the proof is completed by the density of
COO(QPML) in LE(QPML). |:|

For the problem (4.1)) with a boundary condition on I'y, the stability constant is improved.

Lemma 4.3. For g € H*(Iy), s = 1/2 or 3/2, the problem (A1) has a unique solution w € H(Qpasr)
satisfying

1/2
o, L
il s +172 g SC(M#- ) [P, (4.11)

min
Here 0, L is not involved if there exists no cutoff mode.

Proof. Due to the cylindrical geometry of the domain Qpyg,, we can show that there exists a lifting g €
H}(Qpyw) of g satisfying [|g]l g1 (@pae) < Cligllgri/2ry) (see Lemma in Appendix). Thus, the standard
theory of the elliptic problem using and Lemma shows the existence of a unique solution w satisfying
HwHH},(QPML) < CHgHHl/2(F0) with C' that may depend on (O-ML)2/J’;1?n‘

For the improved stability constant, let g = ZZO:O gn Y, € H'/? (T). Since w can be written as

w(z,y) = (Ay + Bya)Yn(y) + > (Ape % 4 Bye #n0")Y, (y) (4.12)
n#N
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in Qpumr, the boundary conditions on I'y and I';, require that Fourier coefficients satisfy Ay = gy and By =0
forn =N, and

An + B, = 9n,
Aneiu”aoL o Bnefip,naoL _ 0 (413)
for n # N. By solving the above equations, we have
2ipnooL
_ In € In
A, = T3 2ol and B, = T3 2ol (4.14)
and see that w is given by
n#N
where
iy 00T 2ipnooLl ,—ipnoox
By(a)= St e
]_+ e22unaoL
The denominator and the numerator of E,, satisfy |1 + e?#no0L| > 1 — |e=29uL| > 1/2 for 0, L > 1 and
; ; i 2(e 2o 4 o=2mnoi(2L=2)y  for n < N
ihn 00T 2ipnool ino0T |2 )
‘6 0T + ¢ 0~e 0 | < { 2(672,1”0”5 + 672ﬂn0r(2L*I)) for n > N,
respectively.
Now based on these two inequalities, we shall prove that
d E C
oo <1+ X))V for 1 =0,1,2. (4.15)
Mmin

To this end, letting o, represent o; for n < N and o, for n > N, we show that

L
oo |1 24” 7 HL2(D) <C|00‘1 26/0 |Mn00|zeef2lun|anxdx

P (]_ _Q‘Hnlo'n ) < C|Mn|2l‘00|

|U’n|an

We first consider the estimate for n = N £ 1. By using o, |p,| > 0, and (3.3)) for £ = 0 and by using (3.4) and
(13.7) for £ = 1,2, it is obtained that

dE el ez 2 < S =0
| < UH Hmin
C|UO|| ‘2i 1 < = ¢ (1_1_)\2)5 1/2 for £ =1,2.
Onp Hmin

On the other hand, for n # N, N 4+ 1, we employ (3.8)) for £ = 0 and (3.7) for ¢ = 1,2 together with (3.4) to
obtain

<C| 0||M |2£ 1< c (1+>\2)£ 1/2

min
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Hence it follows that

[l (@pare) = [0l L(L + A3 |gn]?

1  dE,
'y ( (14 Dlool Bl ) + ol

2
> "o ) oo w1s)

<

)

which leads to (4.11)) for s = 1/2.
Similarly, for s = 3/2 it holds that
||w||§1g(QPML) = ||w||§,1 QPML) + Ax(JoolL) g |?

1 1 dE,
+ Z (|0- |3H 2 ||L2(D)+)\2HH ||L2(D)+)\4|JO|||E ||L2(D)>gn
n#N

which completes the proof. O

Remark 4.4. Due to the symmetric property (4.3) of Apmw(-,-), the results of Lemma and Lemma hold
for the adjoint problems.

We introduce an approximate DtN operator Tpur, : H1/2 (To) — H-1/2 (T'g) as follows: for g € H1/2 (To) we
define

1 ow

TrmL(g) = oo O

on Iy, where w € H!(Qpmr) is the solution to the problem (4.1)) with w = g on I'y. By considering the
coefficients A,, and B, in (4.14)) and ones for n = N it can be shown that

2ipnoolL

Temr (g Z ,unl °

i it gnYn. (4.17)

Here we notice that Tpyp, gives the exact radiation condition for cutoff modes since puy = 0.
The following lemma shows the convergence of the approximate DtN operator.

Lemma 4.5. With the assumption ([3.5)), for u € H'/?(Ty)

1T = Tene) @72y < Ce™Ellullasa gy
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Proof. Let u=3%"" ju,Y, € H'/2(I'y). By subtracting (£.17) from (2.1, and by invoking (3.7) and using the
inequality z/(1 — z) < 2z for 0 < z < 1/2, we can see that
26271/1%(70[4 2

1+62i#n00L
N— _2H71(711L 2
2\1/2 2 €
Z + ALY ( ezunoiL>
_og 2
D SRIES N ettt
n n 1 — e—28norL

n=N+1
< 06740“

T = Tonan) @I F-1/20) = D (14X T2 pin |
n=0

L ||u||2Hl/2(FO)7
which completes the proof. O

Remark 4.6. As noticed in (4.17), the approzimate DtN based on the PML with the Neumann boundary
condition on I'y, gives the exact radiation condition for cutoff modes. In contrast, when the Dirichlet condition
on I'y, is used instead of the Neumann condition, the approximate DtN operator is given by

14+ 62i,unagL

—u .
Tomr (u) = YYn + Z Un

Y,
UoL nEN "

1 — e2ittnooL Un

forw=">3""" ju,Y,. This approzimate condition also produces the exponential convergence result for non-cutoff
modes, however it has only linear convergence for cutoff modes with respect to 1/(c,L).

5. PROBLEM ON {) AND CONVERGENCE OF APPROXIMATE PML SOLUTIONS

In this section, we analyze the well-posedness of the problem on the domain € supplemented with the
boundary condition based on the approximate DtN operator to find @ solving

A+ ka=f inQ,

ot _

5 =0 ondN \ Fo, (51)
ou .

871: = Tpmr(@) on I,

The convergence of approximate solutions on 2 will be established as well.
This problem is reformulated into a weak problem to find @ € H'({2) such that

Aq (i, ¢) — (Temr (@), @)1 /a1, = (f,¢)o  for all ¢ € H'(Q). (5.2)

We first study the inf-sup conditions of the sesquilinear form corresponding to the problem ([5.2))

Lemma 5.1. Assume that k? is not an eigenvalue of the waveguide Q. Then there exists a positive constant
M > 1 such that for o,L > M it holds that for u € H*(Q)

|Aq(u, @) — (TpnmL(u), ¢)1/2,1, |

[ullgi@) <C  sup (5.3)
0£PEH (Q) 9l 1 (@)
and A T
HU”Hl(Q) <C sup |Aa (o, u) — ( PML(¢)7U>1/2,FO‘. (5.4)

0£SEH (Q) o1l e ()
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Proof. As Aq(u,¢) — (Temr(vw), @)1/2,r, = Aa(d, @) — (Temw(¢), @12, it suffices to prove the first inf-sup
condition . We start with the inf-sup condition of the sesquilinear form of the Helmholtz equation
with the exact radiation condition based on the DtN operator. By using the convergence of the approximate
DtN operator of Lemma we have

<A9(u»¢>) — (Temr(u), d) 12,10, N <(TTPML)(U)7¢>1/2,FO|>

ull g1y < C sup

0£SEH () 91l () 1z (o)
Aq(u, @) — (T u),
o sy O Con el ity
0#£PEH () 9l 1 ()

for large o, L satisfying (3.5). Now, by choosing o, L large enough so that e 27»L < 1/(2C), we can have the
desired inf-sup condition ({5.3|) O

The well-posedness of the problem (5.2)) and exponential convergence of approximate PML solutions in
with increasing o, L will be presented in the following theorem.

Theorem 5.2. Let M be the constant given in Lemma , Then for o, L > M the problem (5.2]) admits a
unique solution i € H () satisfying

il < CllF ey (5.5)
In addition, for the exact solution u € H(Q) to the problem (2.3)) it holds that

= @l 1) < Ce™ 75| fll L2 (o)

foro, L > M.

Proof. The unique existence of a solution satisfying (5.5)) is an immediate consequence of the inf-sup conditions
in Lemma [5.1} For the exponential convergence, we use Lemma [5.1] to show that

|Aa(u — 1, ¢) — (TpmL(u — @), d)1 /2,1,

lu =il g1 <C  sup

0£peH(Q) |l ()
—C s [(T = Temr) (u), @) 172,10, |
= sup .

0£peH(Q) [ |F7exes))

Now, the convergence result in Lemma of the operator Tpy, a trace inequality and the stability of the
problem ([2.3)) yield that

u— @il| 1) < Ce™ > #H|Jull g1y < Ce | fllL2(q),

which completes the proof. O

6. PROBLEM ON {2;, AND REGULARITY

In this section, we study the problem (2.7) on the whole computational domain 2, and regularity of solutions
to the problem when f € L?(€) is supported for x < —3J. We observe that two problems (2.7) and (5.2) are
equivalent in the sense of the next lemma, due to the fact that

T =0

b 0 1oot

—_— — r
ox o9 Ox onto

as traces from Q and Qpyy, respectively, for a solution o to the problem ([2.7)).
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Lemma 6.1. Let M be the constant given in Lemma and assume that o, L > M. If o € HX(Q) is a
solution to the problem ([2.7), then 9| € H(Q), the restriction of © to €, is a solution to the problem (5.2)).
On the other hand, if i € H'(Q) is a solution to the problem (5.2)), then the extension ¥ of i defined by

P U in Q,
o w mn QPML7
where w is the solution to (4.1) with w =4 on Ty, is a solution to the problem (12.7)).
Lemma and Theorem yield the well-posedness of the problem (2.7)).

Lemma 6.2. Let M be the constant given in Lemma and assume that o, L > M. Then the problem ([2.7)
admits a unique solution ¥ satisfying

1/2
N o, L
||v|H3<QL><c(M“ ) TP

min
Here 0, L is not involved if there exists no cutoff mode.

Proof. The unique existence of solutions is a consequence of Lemma [6.1] and Theorem For the stability
estimate, we use Lemma [6.1| and Theorem again to show that

19l @) < Cllfllzz@)- (6.1)

By using Lemma a trace inequality and (6.1)) we can also show that

1/2 1/2 1/2
- ouL - o, L . o, L
||U|QPMLHH;(QPML) <C (M“ ) ||U||H1/2(r0) <C (MH > 10lellm (@) < C </~LM ) [ fllz2()- (6.2)

Finally, combining (6.1]) and (6.2]) shows that

- - - o, L
H’UHQH;(QL) = H’U|Q”§{1(Q) + ||”|QPMLH§J§(QPML) < OMH

111720

min

which completes the proof.
O

We will present the regularity of solutions to the problem . The Helmholtz equation deformed by PML
with the piecewise linear coordinate stretching function has discontinuous coefficients. A regularity result
in such a case can be found in e.g., [6,21], which shows that there is so with 0 < sy < 1/2 such that if 0 < s < sp,
then the solution w is in H'**(Qy) for f € (H'7%(Qr))*, the dual space of H'=%(Qy). This regularity result
is not sufficient to obtain the desired convergence rate of finite element approximations, however, in case that
f € L2() is supported in the region for z < —§, the approximate PML solution can have the higher regularity
in the local subdomains 2 and Qpy,. To show this, we define a Sobolev space

X ={ueHy() : ula € H(Q), ulop, € H2(Qpvr)}
with the norm

lull x = (HUH%IZ(Q) + HUH%I?,(QPML))lm

Lemma 6.3. Let M be the constant given in Lemma and assume that o, L > M. If f € L2(y) is supported
in the region for x < —§, then the solution U to the problem (2.7)) is in X and satisfies

- o,L 1/2
Jillx < o(uf{ ) T (6.3)
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Here 0, L is not involved if there exists no cutoff mode.

Proof. Let Qs = QN {(z,y) € R? : < =} and Q50 = QN {(z,y) € RY : —§ < x < 0}. The common
boundary of these two domains is denoted by I's = {z = —d§} x ©.

By Lemma [6.1] the solution @ solves the problem (5.2). In addition, since Q5 is away from the boundary I'y
on which the non-standard boundary condition is imposed, @ is in H2(£2s) and satisfies

lall 25 < CllfllLz@)- (6.4)

Also, we can find a series expression of the solution @ in 5, as in (4.12)), satisfying two boundary conditions
Ulq, , = Ula, on I's and Tpmr(@la,,) = 0 on I'g. Indeed, by following the computation similar to that used for
(4.14) and invoking the formula (4.17)) of the operator Tpwmr,, it is easy to show that @ in Qs can be written as

R ~ eiun(z+6) + 621’;1,”001/672’/1,"(175) ~
a(z,y) = unYn(y) + ; 1 + e2énn(o0L+6) UnYn (y)
n#N

for @ = 300 @, Yy, € H3/?(Ts). Let E,(x), n # N, be the coefficient of the variable z in each mode,

eipn(i eipnm +€2i,unaoLe—i,unx
B (x) = ( )

1+ e2ipin (0o L+3)
whose numerator satisfies

|eiﬂn5(eiﬂ«n33 + 627;/"’1L0'0L677;/""nw)‘2 < 4(1 —|—~ /\%)1/2j1/2 < Q(l + )\31)—1/27 for n < N,

- 26_2”"5(6_2“”’” + 62“"’”), for n > N.
and its denominator complies with |1 + eQi“”(00L+5)| > 1/2 since 0, L > 1. By using similar computations that
we have done for (4.15)) we shall show that

d‘E,
1= 17250y < C(L+ X2 for £=10,1,2 (6.5)
and for all n # N.

For n < N, by using (3.7) it can be easily shown that

d'E, 0
— 12s0) < Cu?f/ L+ A0 Pde < C(1+ A7) 2 for £=0,1,2. (6.6)
=5

For n > N, we begin with the simple computation

0

- - - 1 -

/ 672#715(672#"I —+ 62y‘nm)d$ = ﬂi(l — 672#n5). (67)
=5 n

For n = N + 1 we apply 1 — e~2#n% < 27,6 to (6.7) and use (3.7) to have

d[E’ﬂ 2 ~20 0 —2[ind(,—2fnT 2finx
||Txg 172(—5,0) < Chin, e (e T 4 et d
—0

SOOI+ A)PA+ AT <o+ AT
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Also, since 1 — e 2% < 1, for n > N + 1 we utilize (3.8)) for £ = 0 and (3.7)) for £ = 1,2 to obtain

d‘E, 9 ~9¢ 0 —2find (—2fina 2finT
||W||L2(75,0) < Ciy, 56 Hnd (e =Hn® 4 eHn)dy

< C/.Lgf_l < C(l + )\31)5—1/2.

Therefore it follows from (6.5)) that
B0 < € (14 2P0l

dFE, E
el [1+A2 1Bula sy + (4 AN 20 g+ 1 TR 2, ao}uu) (6.8)
n#N

< Ol o .
Using it together with a trace inequality given by [23, Theorem 2.13] and yields that
@l 2 (05.0) < Clltl gsraryy < Clltllaz ;) < Cllfllzz@)- (6.9)
Noting that @ is in H? in the vicinity of I's, combining and shows that
ol 20y < ClifllL2@)-

Furthermore, the H2-estimate in Qpyp, is obtained as follows

1/2
- oL _
fillzaeay < € (Z£2) " alloegey

min

p L 1/2 R o L 1/2
sc(u*ﬁ ) il o sc(u“, ) T,

min min

by using Lemma and a trace inequality, which completes the proof. O

7. FINITE ELEMENT ANALYSIS

We investigate the solvability of the finite element problem pertaining to the problem and the conver-
gence of finite element approximations. To describe finite element approximations, let 7 be a finite element
mesh of the domain €}, consisting of quadrilaterals. Here we assume that the finite element mesh of the domain
is aligned with the interface I'y. In case when a large PML strength o, is employed for a fixed computational
domain 27, to obtain an approximate solution with exponentially small error in the continuous level as shown
in Theorem [5.2] the problem becomes anisotropic in the PML layer and so special finite element meshes, having
different mesh sizes in different directions, are required to capture the anisotropic behavior in Qpyyr, in discrete
levels. To do this, we keep quasi-uniform and shape-regular meshes in {2, whose maximal diameter is denoted by
h, however we take rectangular meshes in Qpyr,, whose mesh size along the axis of the waveguide (the direction
of the exponential decay of solutions) is reduced by a scale factor O(1/|og|) compared with the mesh size h
along the perpendicular direction. We also denote a continuous piecewise bilinear finite element space by V},.
Then the finite element approximation @y, € V}, is a solution to the finite dimensional problem

A(tin, ¢n) = (f, dn)o  for all ¢p € Vj. (7.1)
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Let u € HY(Q) and @ € H} () be the solutions to the problems and (2.7)), respectively. The error
e = u — uy of the PML-FEM approximation 4, consists of the PML approximate error, u — 4, controlled by
e~29:L and finite element error, @ — iy, depending on h. Let us denote the finite element error by é = @ — @y,
and we shall estimate € in two regions 2 and Qpyr,, separately.

We first notice that the nodal interpolation I, satisfies the following error estimates.

Lemma 7.1. For every rectangular element T of T contained in Qpwmr, the interpolation error satisfies
1 0v v
2 2 2 2
o~ @y < 08 (o 20 + N

forv e HX(QpmL), and

0 1

R e e e ||(9 2||L2(T ).
0 1 0% 1 0%

I o = Dy < O (il s ) + izl o iy + 153 )

fOT NS Hg(QpML).

Proof. 1t suffices to verify the error estimates for an affine transformation F': 7 — 7 defined by

s h X
F(z,9) = (|(7 Tt hij + q),
for constants p and ¢, where 7 = (0,1) x (0,1) is a reference element. As proofs for three inequalities are all
similar, we provide the proof for the second estimate. Let © = v o F' and I, be the nodal interpolation operator
on 7. Since dz/d% = h/|oo|, dy/dj = h and | det(D(F))| = h?/|og|, by transforming the integral on T to one on
7, using the Bramble-Hilbert lemma and transforming back to the element 7, we obtain that

I (0 = @Dy = [ S5-I 00

2/\
<C’|ao|/ it

|oo|?

e fh<ﬁ>>|2|h2|dazd@

| 2

92 aM ER 2' Jdidy

h* ht 9% loo]
<ol [ (5 ‘4|8x2 a2 o) g,
0%v v
<o (i S e + 15 e + ao|2||ay2|i2<f>) ,

which completes the proof of the second error estimate. O

Lemma 7.2. The interpolation error satisfies
”v - Ih(U)HH},(QPML) < Ch”UHHg(QPML) (7'2)

for v € H2(QpmL) and
o= () lmssy < Chllvlx (73
forve X.
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Proof. We begin by noting that

1,0
v = In ()2 @) = 7715 (0 = @) L2000
‘0'0| 895 (7 4)

0
+ loolll 5= (v = Tn(©) 172 (@paey + 100010 = Tn(0) 172 (paer -
dy

Using Lemma for each elements contained in 2pyrr, and summing up all terms with an appropriate weight
log| or 1/|og| give (7.2) for v € HZ(Qpmr).

Also, since ||v — Ih(v)||%p(QL) = |lv— Ih(v)||§{1(9) + v — Ih(v)ll%ll(QPI\/IL) for v € X, the interpolation error
(7.3) follows from ([7.2]) and the standard interpolation error estimate for quasi-uniform meshes. d

The solvability and quasi-optimal convergence of finite element solutions associated with indefinite problems
such as the Helmholtz equation can be found in [31] based on the Aubin-Nitsche duality argument and regularity
of solutions. Since solutions of the PML problem on 2, lack the full regularity, we need to modify this approach
by focusing on each subdomain where solutions have the full regularity. We first investigate the L2-bound of
the error é = i — @y, on © and Qpyyp, with respect to the Hl-error.

Lemma 7.3. Let M be the constant given in Lemma and assume that o, L > M. Also assume that the
problem (7.1)) has a solution Gyp. Then it holds that

o,L

éll 12 SC(
Jell ey < €

1/2
) (h+ e 25 ell s ).

min
Here o, L is not involved if there exists no cutoff mode.
Proof. Let w € H(2) be the solution to the problem

Aq(d,w) — (T(8),w)1)2,r, = (¢,€)a for all ¢ € H'() (7.5)
and @ € H'(Qpmr) be the solution to the problem
Apmr(¢, @) =0 for all ¢ € H:(Qpu) (7.6)

with @ = w on I'y. The existence of a unique solution to the problem ([7.5)) is an obvious result since w is the
radiating solution generated by the source function é noting that

Aq(u,d) — (T(u), 9)1/2,r, = Aa(d, @) — (T(),0)1 /2,1,
One for is addressed in Remark

The following two facts are of importance for the L2-error analysis. The first ingredient is the full regularity
of w and w,

w20 < Clléll 2 ),

1/2 1/2 1/2
- o,L o, L o, L N
@]l 52 (0pu) < C (Ml ) ) lwllgrar2 () < € (uu‘ ) w20y < C (N“. ) €]l L2 (o)

due to the the regularity of the radiating solution and Remark [£.4] It allows us to have that for wy, € V}, which
is the linear interpolation of w in 2 and @ in Qpyy, that is wi|q = In(w) and wy|ap,,, = In(0),

lw = wall @) < ChllellL2 (o), (7.7)

1/2
- - o, L 5
= wnlz ey < L0y < € (Z2)  Hlelzaco (73)

min
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The second ingredient is that w satisfies
Appir (¢, @) + (Temu(¢), @)1721, =0 for all ¢ € Hy (Qpyr).- (7.9)
Indeed, since the solution w to the problem satisfies
A, ) =0 for all ¢ € H:(Qpm),

we have ~
= - ]. 5’@ - = 7 =~ o
0= Apmr(w, ¥) + <;%, VY)1/2,0, = ApML(W, ¥) + (TpMmL(W), ¥)1 /2,1,

for 1 € HL(Qpyr), which is equivalent to (7.9) by interchanging two arguments with complex conjugate.
For the L2-error estimate, we begin by taking ¢ = € in (7.5) to obtain

HéH%mz) = Ag(&,w) — (T(€),w)1/21,
= Aq(é,w) — (Tpmr(€), w)1/2,r, + ((Tenmr — T)(€), w)1/2,r, -

Here by adding and subtracting the term
I := Aq(é,wn) — (TemL(€), wh)1/2,ry,
we are led to [|€]|7>(q) = I1 + Iz, where
I := Aq(é,w — wp) — (Temw(€), (w — wn)) 12,0, + (TemL — T)(€), w)1 /2,1, -
Now, we shall estimate I; and I. For I;, we use and Lemma to obtain
[L] < O(h+e > E) el m @) l1el o). (7.10)
For I, the Galerkin orthogonality,
A(é,wp) = Aq(é,wn) + ApmwL (€, wp) = 0,
leads to Aq(é,wp) = —ApmL (€, wy,), from which and it then follows that

I = —Apmwi(é,wp) — (Tpme(€), wr)1,2,r,
= ApmL(&, W — wp) + (TpML(€), (W — wn))1/2,10-
Consequently, by Lemma for a trace inequality of functions in H!(Qpmr) (in Appendix) and (7.8)), it can

be concluded that
ouL

|| <C (
1
Combining ([7.10)) and (7.11]) results in

1/2
) Bl 3 o 1] 220 (7.11)

min

1/2
~ oL oy .
. sc(u", ) (h+ 2L el .

min

which completes the proof.
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Lemma 7.4. Let M be the constant given in Lemma and assume that o, L > M. Also assume that the
problem (7.1)) has a solution Gy. Then it holds that

) (@D i
lell 2z (@ery < O 55— (h + e E)llellm os)- (7.12)
Here 0, L is not involved if there exists no cutoff mode.

Proof. Let &, € H}(21) be the piecewise function such that é.|q = € and é,|qp,,, is the solution to the problem
Apnp (6, 0) =0 for all ¢ € HX(Qpyr) (7.13)

with €, = € on I'y. Denoting the zero extension of (€—€;)|qpy,, t0 2 by €, € can be decomposed into € = &, + €.
Here we claim that €y has a certain Galerkin orthogonality in H}(Qppr), that is,

Apmr (€0, ¢n) =0 (7.14)
for all ¢y, € V}, satisfying ¢, = 0 in Q. Indeed, we begin with the Galerkin orthogonality of € in H}(2y),
A(E,¢n) = Aq(€, ¢n) + ApumL(E, ¢n) = 0 for all ¢y, € V.
For any ¢, € V} vanishing in €2, the definition of é, results in
0= A(€,én) = ApmL(ér + €0, n) = Apmr(€o, dn)-
Now, we shall estimate €. Let wg € f[; (Qpmr) be the solution to the problem

ApuL(d,wo) = (006, €0)pyy,  for all ¢ € H)(Qpu). (7.15)
By Lemma [£.2] and Remark [£.4] we note that

(0,1 .
||w0||H§(QpML) <C /;; ||60||L§(QPML)' (7'16)

min

Since [lwo — Ih(wo)HHcl,(QPML) < ChHUJOHHg(QPML) < C(UUL)2ILLI:1?nh||éOHLg(QPIvIL)’ setting ¢ = éo in (7.15)), we
have

120[172 (par) = [APML (€0, w0)| = | Apnr (€0, wo — Tn(wo))]

(Uu )2 ~ ~
<C 3 h”eO”Hg(QpML)”60HL§(QPML)

min

and hence

_ (o, L)
||60HL3(QPML) < C Ig h”eO”H;(QPML)‘ (717)

min

On the other hand, for the estimate of é,., let w,. € fI; (Qpmr) be the solution to the problem

APML(¢7 wr) - (O'Ogba é’r‘)QPML for all ¢ S ﬁ;(QPML)

satisfying

(0,L)* .
||wTHHg(QPML) < C /;, ||6T||Lg(QP1\/IL) (718)

min
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by Lemma Here we notice that w, solves the problem
— V- HVw, — k*6ow, = 696, in Qpmr, (7.19)
where H = diag(o, L 00). Multiplying by €, and integration by parts gives

_ 1 ow,
<67’7 —
o9 Ox

>1/2,FU = (Uoéra éT)QPML (720)

due to (7.13)).

Now we assert that there exists w, € H?(Q) satisfying boundary conditions

0w, 1 ow, ow, _
vy =0, =— Iy, —=0 o\ T 7.21
v ox o9 Ox onto ov on \To ( )
and
”w?“”Hz(Q) < C”wr”H[i(QpML)' (722)
Once we have it and denote g := —A1w, — k%@, in L?(Q2), we obtain
- . 0w, -
Aq(e,w,) — (€, 87>1/2’F° = (€,9)a- (7.23)

Since é = &, and 0w, /0x = G5 0w, /0x on Ty, from (7.20) and (7.23) it can be shown that
181172 (Qpae) < [A0 (& @0)| + (€, 9)al-
By the Galerkin orthogonality of A (€, In(w,)) =0, (7.22)), (7.18) and Lemma we can further show that
€172 (pary < [A0(& 0, — In(w,))] + |(€, 9)ol

< C(nlléll gy + ellz@)) o] m2 @)

(0, L) ~20,Ly||5 5
< Cs—(h+ e D) el oo 18l 22 (-

Then (7.12]) follows from (7.17)) and the above inequality.
It remains to show the existence of w, satisfying (7.21)) and (7.22). We define ¢ by a function of the form

o) = 3 Ane™ Yo(y) + 3 Bac?™ =¥, ()
n=0 n=0

with a,, = (14 A\2)Y/2 for —§ < x < 0 such that
A, + B, =0, an(An +2B,) =7, forn >0,

where 7, is the n-th Fourier coefficient of &, Low, /Ox on Ty. A direct computation similar to that used for

(6.5) and gives
1 8wr 1 awr
HCHHQ(Q(S,O) < CH&*O%HHl/z(rO) = ||U*O%HH1/2(FO)

and hence Lemma [9.3| for a trace inequality of functions in H2(Qpyr,) (in Appendix) completes to show

<112 (925.0) < Cllwe]| a2 (Qparr)-
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Finally, by using a cutoff function y, which is one for —§/2 < < 0 and vanishes for © < —4d, the zero extension
of x(la;, to 5 can fulfill all conditions for w,, which completes the proof. O

Lemma and Lemma @ show that there exists a constant C'zz > 0 such that

6220y, < oz T2 (12 4 emsout 7.24
Lz S 1377 (R +e el @) (7.24)

min

for sufficiently large o, L.
We are now in a position to present the H!-error estimate, of which the proof follows standard Schatz’s
argument applied to Garding’s inequality

Cillelin e, — Calléllizq,) < JAE &) = [A(, @ — In(@)]. (7.25)

for some positive constants C; and Cs.

Theorem 7.5. Let u be the solution to the problem (2.3). Then, there exist positive constants My > M and
ho > 0 such that for o, L > My and 0 < h < hg, the problem (7.1 has a unique solution @y satisfying

oulL

|w—awHu1<c(
(©2) 1

1/2
) (h -+ 22 | f | .

Here 0, L is not involved if there exists no cutoff mode.
Proof. We apply (7.24) to Garding’s inequality ([7.25) to show
C _ C C (O'ILL)E) h2 —4o0, L ~12 < C ~ 0 — I (i
(C1 = CoCL———(h" te ez ) < Clléllm @ lla — In(@) | r2@,)-

min

For such My and hy satisfying C2Crz2 (0,L)u " e=*Mo < Oy /4 and CoCre (0, L) u T hE < C1/4, by Lemmal7.2
and Lemma we can show that for M > M, and 0 < h < hg it holds that

. - o, L
nﬂmmmscwwxsc(/

1/2
) Rl fllz2(@)- (7.26)

Finally, by using Theorem [5.2] we have
lu—tnllm(o) < llu—allm @ + |t —@nllm @

p L 1/2
<c( ”) (h+ 22| f .

Hmin

This error estimate shows the uniqueness of solutions to the linear problem (4.1)) in the finite dimensional space
Vi, by setting f = 0, and thus the proof is completed. O

Theorem 7.6. Let u be the solution to the problem (2.3). Also let My and hy be defined as in Theorem .
Then, for o,L > My and 0 < h < hg, it holds that

ouL

lu = dnl 20y < C—=(h* + €275 fll 2(0)-

min

Here o, L is not involved if there exists no cutoff mode.
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k = 20,0,L = 4, isotropic mesh

k = 20,0, L = 4, anisotropic mesh

Proof. From Lemma

Now, Theorem and the above inequality result in

1071 1072
—0—0,=40, L=0.1 —o—0,=40, L=0.1 9
— % -0,=20, L=02 — % -0,=20, L=02
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w wm
= =
S 102t 2
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() [}
(3] (3]
~ ~ 103 F
() [}
= z
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= g0t =
Q [}
~ o e
,,,,,,,,,,,,, e 2l ~ 3.3546 x 104
e 2l ~ 3.3546 x 107
1074 : 1074 :
1074 1078 1072 1074 107 1072
h h
(a) Isotropic mesh on Qpwmr, (b) Anisotropic mesh on Qpuyr,
] k = 20,0,L = 4, isotropic mesh ; k = 20,0, L = 4, anisotropic mesh
10 : 10° :
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(] [}
[ [}
= =
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s f S —
~ ~
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(c) Isotropic mesh on Qpr

(d) Anisotropic mesh on Qpuyr,

FIGURE 2. Relative L2- and H!- errors vs. h with k = 20 and o, L =4

ouL

€llrz2 SC(
€l 22 u

oulL

min

(h?+ 674U“L)Hf||L2(Q)~

1/2
> (h+ G_QU“L)HéHH;(QL) <C

7.26) and a Cauchy-Schwarz inequality, we see that

ouL

B (h+ e 27 VR fll L2 (o

lellz2(o) < llu —llz2(q) + 1@ — GnllL2 ()

oo L 4o
< Ce 2718\ fllp2) + CL= (A2 + e %) || il r2ay)

Ou
HMmin

o,L g
< CL= (R + e 25| fll 2y

Hmin
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k =20, L = 0.2, anisotropic mesh
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(a) Isotropic mesh on Qpwmr, (b) Anisotropic mesh on Qpuyr,

FIGURE 3. Relative L?-errors vs. PML strength o, with k=20, L =0.2

which establishes the desired L?-error estimate.

8. NUMERICAL EXPERIMENTS

In this section, we provide numerical examples demonstrating the convergence theory developed in the pre-
ceding sections. For a simple example with a known exact solution, we consider the boundary value problem in
Q2 =(0,0.2) x © C R? with an interval © = (0,1) C R

Au+ku=0

% =0 on (0,0.2) x 90, u=u

in €,

on {0} x ©

with the radiation condition on {0.2} x ©, where the exact solution is given by
2N ipa

N +1

Yo ().

u™ (x,y) =
n=0

The radiation condition on {0.2} x O is replaced by PML with width L, that is, Qpyr, = (0.2,0.2+ L) x . We
compute bilinear finite element approximations on quadrilateral decompositions of €27, by using finite element
library deal.II [2]. We take k = 20 and 67 in the example. For k = 20, there is neither cutoff mode nor
near-cutoff mode in the solution as 67 < 20 < 77 and i, = VA2 — 67 ~ 1.0726. N = 6 is the largest index
for which e?*~N®Yy(y) is a propagating mode so that it has 7 propagating modes, 0 < n < N, and 5 evanescent
modes, N +1 < n < 2N. On the other hand, the case of k = 67 represents an example with a cutoff mode,
N = 6. To illustrate errors for a case including near-cutoff modes, the wavenumber will be k = 67 + € with
e =10"1,10"2,10"3 and 10~*. Numerical tests are conducted to investigate
(i) Relative L?- and H'-errors vs. h with o, L fixed,
(ii) Relative L?-errors vs. o, with L fixed,
(iii) Relative L?-errors vs. L with o, fixed.

Relative L?-errors vs. jmin with o, and L fixed when k approaches 67.

NSNS AN AN

(iv
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k = 6m,0,L = 4, isotropic mesh k = 6m,0,L = 4, anisotropic mesh
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FIGURE 4. Relative L2- and H!- errors vs. h with k = 67 and o, L =4

Here we set the PML strength o, from which o¢ in the coordinate stretching function is determined by the

formula (3.2]) with

pN = Vk* = (6m)2, vy =/(Tm)? —k?  for k = 20,
un—1 = k% — (5m)2, ant1 =+ (Tm)2 — k2 for k = 6m.

The first test for k£ = 20 is to see errors in PML-FEM approximate solutions as h decreases with o, L fixed.
To do this, we choose different pairs of PML parameters (o, L) = (40,0.1),(20,0.2), and (10,0.4) with o, L = 4
so that the reflection error is estimated to be e27»% = ¢78 x 3.3546 x 10~%. The relative L?- and H'-errors
reported in Figure[2]show that PML-FEM approximate solutions converge in a quasi-optimal rate as h decreases,
h =1/100,1/200,1/400,1/800 and h = 1/1600 until reflection errors are dominant. When anisotropic meshes
are used in Qpur,, the errors are independent of the PML parameter o, as in Figure 2| (b) and (d). In contrast,
when isotropic meshes are used in Qpy,, the errors (L2-errors, in particular) are worse as the problem is more
anisotropic with increasing o,. See Figure [2| (a). Since it is desirable to have smaller degrees of freedom
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; k = 6w, L = 0.2, isotropic mesh . k = 6, L = 0.2, anisotropic mesh
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Relative L? errors
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(a) Isotropic mesh on Qpwmr, (b) Anisotropic mesh on Qpuyr,

FIGURE 5. Relative L2-errors vs. PML strength o, with k = 6w, L =0.2

in numerical computations, one might want to take a small size PML, Qpyr,, with isotropic decomposition
and choose large o, to compensate small L instead. However, we observe that highly anisotropic nature of
the problem with large o, deteriorates accuracy of finite element approximations. By doing anisotropic mesh
refinement in Qppg, (so that degrees of freedoms of problems for three pairs of parameters are all same), we can
keep the same accuracy of approximate solutions.

The second test for k = 20 is to see errors in PML-FEM approximate solutions as o, increases with L fixed.
Here we set L = 0.2 and increase o, from 10 to 100. The results are depicted in Figure As mentioned
in the preceding paragraph, whereas errors in finite element approximations with isotropic meshes in Qppr,
grow worse with increasing o, due to the anisotropic nature, finite element approximations with anisotropic
mesh refinement in Qpyp, have the same level of errors after mesh errors are prevalent. Noting that a priori
information on an optimal PML parameter o, for given h and L is not available in general, it is an advantage
of the anisotropic mesh refinement that finite element errors do not increase with increasing o, opposed to
ones obtained from isotropic meshes. We also obtain the similar results for kK = 6, for which a cutoff mode
is involved, as see in Figure [4 and Figure [} One important difference of the results for k = 67 from the case
for k = 20 is that since the stability constant depends on o, L, errors in PML-FEM approximate solutions get
larger with increasing o, even though anisotropic mesh refinement is applied to the layer Qpyr, as shown in
Figure [5] (b).

The third test is to see errors in PML-FEM approximate solutions as L increases with o, fixed. Here we
set 0, = 10 and take isotropic meshes on the whole computational domain €2;. The results for both £ = 67
and k = 20 are shown in Figure [f] They show that errors in PML-FEM approximate solutions decay in the
exponential rate as expected until mesh errors are dominant. In addition, errors in approximate solutions for
k = 6m in Figure |§| (a) are found to be worse as L increases due to the dependency of the stability constant on
o,L.

e 10102103 ] 10"

Mmin || 1.9442 | 0.6141 | 0.1942 | 0.0614
loo] 10.44 | 32.62 | 103.02 | 325.74
TABLE 1. Magnitude of o9 = Uﬂ(ﬂ%“ + o) for o =20
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FIGURE 7. Relative L2-errors vs. fmin With L = 0.2 and o, = 20

The last numerical test is in regard to the error behavior associated with near-cutoff modes. The wavenumber
k is chosen such that k = 67 + ¢ with ¢ = 107!,1072,1072 and 10~*. In this test, we set the finite element
mesh h = 1/400 and the PML parameters are chosen to be L = 0.2 and o, = 20, by taking into account that
errors in approximate solutions decrease at the same rate as reflection errors until o, = 20 (when L = 0.2) with
ignorable mesh errors according to Figure [3| and Figure [5| The reflection errors for fixed L = 0.2 and o,, = 20
are all the same for all €, e=27»L ~ 3.3546 x 10~%. The results are reported in Figure |7, which shows that errors
in approximate solutions grow approximately as p_ ™" (dashed red line) for anisotropic meshes and as p1-3!
(dash-dot red line) for isotropic meshes with pmin approaching zero. Here the constant oy becomes large with
small € as seen in Table |1} It results in the fast growth of errors in approximate solutions for isotropic meshes
that can not treat anisotropy of the problem properly. In contrast, applying anisotropic mesh refinements
provides errors in approximate solutions that grow slowly as pimin — 07, in this particular example, slower than
,u;ﬂln in the theory.
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9. APPENDIX

Lemma 9.1. There exists a positive constant C such that for any n = N and m € N

G+ G+ Ao + (14 X2+ ND)lool*\* _ C© 01)
|G + 03 (A2 — K2)|2 Hiin, '
Forn = N, it holds that
/2
G+ L+ M) ool + (1 + X2+ M)oo[* )

Proof. 1t is clear that

G+ G (L4 X200 + (1 + A2 + Ap)oo|*
< G+ 200, (14 A2)|ool® + (14272 4+ A))lool* = (¢ + (1+ A2)|ool?).

Also, if 521 are eigenvalues of the Sturm-Liouville problem ([4.10) with L = 1, then it holds that ¢, = Q:,Zn /L?
and (,, > C for m € N. Thus, it suffices to show that

) 2 2712 . \—3 :
_ G + (1 4+ A7)|oo|*L < { g(ﬂmm) if n# N, (9.3)

Com =8 2 012) (oul)?  ifn=N

for m € N.
We note that the angle between CN% and p202L? in C is given by 26, for n < N and 7 — 26, for n > N by
(3-2). One can easily show that the denominator of C,, ,, for n # N is bounded below by

(G = 106 L] = (G + |Hno0 L|* £ 203, |10 LI? cos 260) /2

1 — | cos 26|
2

>

/2
) (&2 + [nooLl?).

Since | cos 26y| < 1, in general ((1 — |cos(260)|)/2)*/? is bounded below away from zero but it may be close to
zero when 6y ~ 0 or 7/2. When 0 < 6y < 1 (or 0 < /2 — 0y < 1, in this case we work with g = 7/2 — g
instead of 6), it holds that

1 1
1—]cos260p| =1 — cos26y > 5(290)2 - 5(290)4.

In such a case, since Cpmin < fin+1/tun—1 = tan(by) < Clp, it can be obtained

B 1/2
(16205290|> > 90@ > Cly > Cinin. (94)

Therefore, by using (9.4) and (3.8) we can derive that
G = 1R 03 L] = Cpiin (G + (14 A2) oo *L?),

from which (9.3]) for n # N immediately follows.
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On the other hand, when n = N, we have u, = 0 and A\, = k, and hence

G+ (L4 Koo L2
CQ

Cn,m =

In this case we note that |og| < Clo,| instead of the second inequality in (3.3)), since pimin can be considered as
constant. Therefore, by using the fact that (,, > C and ¢,L > 1 in (3.5)), it can be shown that
Cpm < C(o,L)?,

which completes the proof.
O

It is a well-known theory that trace operators from usual Sobolev spaces are bounded and have continuous
right inverses. The following lemmas are devoted to verifying the same results independent of o for the weighted
Sobolev space H:(Qpwr,). More precisely, we will study on liftings in H}(Qpy) of functions in H'/2(Ty) and
trace inequalities for functions in H}(Qpymy) or H2(Qp).

Lemma 9.2. For g € H'/?(T), there exists ¢ € H:(Qpwmr,) such that ¢|r, = g and
181112 ey < Cllgll sz rg)-

Proof. Let g = 300 ) gnY, in HY/2(T'y). We define

Zg e |”°‘O‘”IY Zgﬁn Yo(y) for (z,y) € QpmL

n=0

with o, = (14 A2)'/2. A straightforward computation shows that

L L 2
ool / |¢n<x>|2dx=|gn|2|ao| | el < BE gy
0
< lgn

|2
|00|/ = ool

By using Fubini’s theorem and the monotone convergence theorem, we achieve the inequality independent of o

[, oo
1
2 —
16 6y = || 2 <|UO|

S C (1 )\37,)1/2‘971‘2 C”g”[.p/z o)’
(To)
n=0

L
|0_Oan|26—2\z70|anxdx < |g721| ( +)\2)1/2

2 Onle

G e |

+ lool(1+ A )¢n(w)|2> dzx

which completes the proof. O

Lemma 9.3. The following trace inequalities hold,
161l 11210y < Clloll a2 (pare) for & € Ho(Qpmr) (9.5)

1 06
161l gr2(ry) and || a2 m) < Clolmz @) for ¢ € H (). (9.6)
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Proof. We will prove as (9.5) can be ~proved in the same way. To this end, we let ?200 =R x O be an
infinite waveguide and define an extension ¢ of ¢ to (—L/2,0) x © by

o _ o(—z,y) — 2¢(—2z,y) for — L/2 <z <0,
gb(xy)_{ é(x,y) for0<z < L.

The construction of ¢ implies that ¢ and d¢/z are continuous across I'y. We introduce a cutoff function y(x)
defined by one for |z| < |og|L/4 and zero for |z| > |0g|L/2, that satisfies

Il <L 1Rl € ooz <O 155 lmm < 3z <.
Then the zero extension v(x,y) of x(|oo|z)d(x,y) to Qoo satisfies
1olz2 6y < Clléllz oy (9.7)
where
ol 1 = s gog iy * o ] ( Sy 1 e
ool (1531 + 150 By + |v||iz@m)) .

Therefore, since v = ¢ and dv/0x = 9¢/dx on I'y and we have the inequality (9.7, it suffices to prove

1 Ov
Ioll ey a0 == S gvregey < Cllolz (9.8)

for establishing .

Now, we first observe that

= 3 v (T = - L ) e g
=3 )Yn@);( S / A (6) dg) Yaly). (9.9)

where vy, (z) = [gv(z,y)Yn(y)dy and o, is the Fourier transform of v,. By invoking Fubini’s theorem, the
monotone convergence theorem and Plancherel’s theorem, we have

s = 3 (T
CZ/ ool (+|o—o|<1+A2)>2|@n<£)l2d£.

|oo

2
d?v,

dx?

1+ A2
|oo|

don
dx

(z) @) + ool + X2 + A;t>|vn<x>2)dx

(9.10)

On the other hand, the n-th Fourier coefficient of the trace of v on I'g can be written as

(0]} m/

and the Schwarz inequality yields that

(Ol < o </| ol (5 +|0'0|(1+/\2))_2d§> (/leo(j;+|oo<1+x2>)2|ﬁn<s>|2d5>. (0.11)
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By the change of variables t = £/(|og|/1 + A2), the first integration term in (9.11) can be evaluated indepen-
dently of oy as

& ) _ joof?
Jleut (g i) e = [ s 912

. 1 T _
=(1+A7) S/Q/RWdt2(1+)\i) 3/2,

which shows from (9.11)) that
213/2 2 o 1 1 & 2 L 2
(L +25)7 7] (vlrg)nl” < ool ool Flool(T+A5) ) |0n(E)]7dE. (9.13)
Finally, it then follows from and (9.10] - ) that

oo

1035 20y = DL+ A2l )al?
n=0

2
CZ / - <|00+|00|(1+)\2)> n(©)de < Cloly e

which completes the proof of the first inequality of .

From , we have
Ov

(8$|F0 \/7/ van f

and hence the Cauchy-Schwarz inequality and the same change of variables used in (9.12]) show again

<k ( [(&+ |ao|<1+Ai>)_1ds> ([ (& +mla =) Sinaterac)

gaa) e [ (s A s ey

loo|3 oo

1 ov 2

—(5olra)n

g0

IN

It then follows that
1 Ov

”U (9 ||H1/2 (T'o) S OHUHH2(Q )
which proves the second inequality of . O
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