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Abstract

This paper deals with an application of a complete radiation boundary condi-
tion (CRBC) for the Helmholtz equation in locally perturbed waveguides. The
CRBC, one of efficient high-order absorbing boundary conditions, has been an-
alyzed in straight waveguides in [I7]. In this paper, we apply CRBC to the
Helmholtz equation posed in locally perturbed waveguides and establish the
well-posedness of the problem and convergence of CRBC approximate solu-
tions. The new CRBC proposed in this paper improves the one studied in [I7]
in two aspects. The first one is that the new CRBC involves more damping
parameters with the same computational cost as that of CRBC in [I7], which
results in 50% smaller reflection errors. The second one is that the new CRBC
takes a Neumann terminal condition of three term recurrence relations of aux-
iliary variables instead of a Dirichlet terminal condition used in [I7] so that it
can treat cutoff modes effectively. Finally, we present numerical experiments
illustrating the convergence theory.

Keywords: Complete radiation boundary condition, absorbing boundary
condition, Helmholtz equation, waveguide

1. Introduction

Waveguides are important structures used for transferring acoustic/electromagnetic
energy from one point to another. In many applications, waveguides include
bounded inhomogeneities such as guide vanes, fans, some obstacles or local per-
turbation. In this paper, we analyze an application of a high-order absorbing
boundary condition, so-called complete radiation boundary condition, to locally
perturbed waveguide structures including any bounded inhomogeneity.

For the numerical study of wave propagation in waveguides, it is essential
to truncate the infinite waveguide into a finite domain of interest and impose
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an accurate absorbing boundary condition on artificial boundaries. Absorbing
boundary conditions, that can reduce reflected waves as small as we wish, have
been studied in a great variety of different approaches based on such as perfectly
matched layers (PMLs) [, 24], truncated Dirichlet-to-Neumann (DtN) opera-
tors [0, [16] [18], 28] and rational approximations to the DtN operator [10], [12] 2]
among others. Also, complete radiation boundary conditions were employed
to study wave propagation in straight waveguides in [I7, 23]. The CRBC is
developed based on Higdon’s high-order absorbing boundary condition [19} 20]
but it is modified to be more suitable for numerical applications by introducing
auxiliary variables satisfying certain recursive relations with some parameters,
which can be tuned for minimizing reflections from absorbing boundaries.

In this paper, we extend applications of CRBC to general waveguides consist-
ing of straight semi-infinite waveguides outside of a compact set. They include
locally perturbed straight waveguides, waveguide bends, coupled waveguides
and waveguides with heterogeneous inclusions. Compared with CRBC studied
n [I7], the new CRBC in this paper is improved in two aspects. The first im-
provement is that the new CRBC can allow two-sided parameter selection and
hence it employs more parameters in recurrence formulas of auxiliary variables
of CRBC. Consequently, it turns out that reflection errors can be made 50%
smaller without increase of computational costs than those of CRBC in [17].
The second one is that the recursive formulas of auxiliary variables of CRBC
are terminated with a Neumann condition instead of a Dirichlet condition used
in [I7]. It is found that when the Dirichlet terminal condition is used, the re-
flection generated by cutoff modes decreases slowly with respect to the number
of parameters of CRBC. In contrast, as will be seen later, the CRBC with the
Neumann terminal condition not only provides efficient treatment for all prop-
agating modes and all important evanescent modes but also yields the exact
radiation condition for cutoff modes.

In order to study CRBC applied to the Helmholtz equation for the radiation
condition theoretically and numerically, we will give three different but equiv-
alent interpretations for CRBC. The first one is the main ingredient for the
theoretical part of the paper. The CRBC can be interpreted as approximate
DtN operators between Sobolev spaces and this form of CRBC will be used
for the well-posedness analysis of the problem with CRBC and convergence of
approximate solutions. The second representation of CRBC is thought of as
rational approximations to the square root function involved in the DtN oper-
ator. An optimal choice of parameters for minimizing errors in some spectral
ranges is investigated from the view point of rational approximations. We note
that there has been intensive research for finding rational approximations to
the square root function involved in the DtN operator in terms of finite differ-
ence grid points, see e.g., [I1] 12, 21]. These grid points satisfying three term
recursions can be chosen in such a way that the resulting rational functions
associated with the grid points minimize errors from the square root function.
The third one is a practical reformulation of CRBC as studied in [I7]. Due to
this formulation, we can have auxiliary functions defined only on the absorbing
boundaries satisfying three term recursive relations. We use this form of CRBC



Figure 1: Domain of the model problem in R?

for numerical experiments.

The outline of the paper is as follows. In Section 2, we introduce CRBC with
two-sided parameters and a Neumann terminal condition. Here we interpret
CRBC in two different forms including an approximate DtN operator and a
rational approximation of the square root function. In Section 3, we discuss
selection of CRBC parameters based on the theory developed in Section 2. In
Section 4, we study the well-posedness of the problem supplemented with CRBC
on an artificial boundary and show the exponential convergence of approximate
solutions satisfying CRBC with increasing order of CRBC. Section 5 is devoted
to introducing a practical form of CRBC suitable for discretization methods.
The equivalence between different forms of CRBC will be established as well.
In Section 6, numerical experiments validating the convergence theory will be
presented.

2. Complete radiation boundary conditions for approximate radiation
conditions

Let Q4 be a domain with Lipschitz boundary in R? with d = 2,3 obtained
by merging semi-infinite waveguides such that it consists of straight semi-infinite
waveguides outside of a compact set. It can be a locally perturbed waveguide,
waveguide bends or waveguides with junctions of arbitrary shape. For simple
presentation we assume that there exists only one semi-infinite straight waveg-
uide in Q. with boundary 0 as depicted in Figure [T} however the analysis
for this simple case can be extended to the more general cases mentioned above
without essential changes. Here we also assume that the axis of the waveguide
Qo is parallel to the z-axis for (z,y) € R x R9"! and there exists a positive
constant & such that Q. N {(z,y) € R? : x > —§} is a straight semi-infinite
waveguide, that is, (—6,00) x © with © a bounded domain in R?~! with Lips-
chitz boundary. The model problem to be considered is to find a solution u®”
satisfying

—Au® — E2u = f in Q,

ex 2.1
Ju =0 on 00 1)
ov




and a radiation condition at infinity, where f is a wave source compactly sup-
ported in Qo N {(z,y) € RY : z < —d}, k is a positive wavenumber and
v represents the outward unit normal vector on 0. It is also possible to
consider the problem with the Dirichlet condition on the boundary instead of
the Neumann condition, however we focus only on this model problem as the
analysis can be carried out without any significant change.

It is well-known that there may exist eigenvalues of the model problem.
Analyses on discrete spectrum of waveguides can be found, for instance, for the
case of waveguides with obstacles in [9, [13] 22| 26], curved waveguides in [25],
locally perturbed straight waveguides in [7, [I5] and coupling several waveguides
with a window in [I4] among others. Therefore, we need to assume that k? is
not an eigenvalue of the model problem for the well-posedness in the infinite
domain Q.

In order to introduce CRBC to the model problem, we define 2 = Q. N
{(z,y) € R? : z < 0} for the domain of interest and denote a part of the
boundary of Q at x = 0 by I'g for the absorbing boundary and its comple-
ment from 99 by T, so that 002 =TT UT, and T NI, = @ (see Figure .
Let {Y,,}5%, be a complete set of orthonormal eigenfunctions of the negative
transversal Laplace operator —A,, associated with eigenvalues A2 on ©,

A,Y, +A2Y, =0in O,

Y,
887 =0 on 3@
Here \,, are ordered increasingly, 0 < A\g < A1 < .... Since eigenvalues /\% are
asymptotically
A2 = O(n¥4-1) (2.2)

for large n, [see, e.g., 8, Ch. VI, Thm. 20-21], there exists an integer N such
that A2 < k2 forn < N and A2 > k? for n > N. In certain situations, there may
exist a positive integer n = N such that A% = k2, which corresponds to cutoff
modes. In order to understand the behavior of CRBC for all modes including
propagating, evanescent and cutoff modes, we assume that such N exists. The
complete orthonormal basis {Y,,}52, allows us to express general solutions to
the Helmholtz equation for x > —§ in Fourier series,

u(z,y) = (An + Bya)Yn(y) + D (Ape™" + B )Y, (y)  (2.3)
n#N

with p2 = k? — \2. Here ju, are axial frequencies defined as

VEZ =2 if0<n<N,

tn=14¢ 0 if n=N,
in/A2 — k2 :=ifi, with i, >0 ifn > N.

Taking the time-harmonic dependence e ~** into account with angular frequency

w = ck and sound speed ¢, the radiating solution (bounded and right-going to



infinity) is one that takes the form
o .
w(w ) = S Ane Y, (y).
n=0

We note that components for 0 < n < N represent propagating modes and those
for n > N do evanescent modes. Thus the radiating solution can be interpreted

as the solution satisfying

0
6—1: =T(u) on g,

where T : H'/2(@) — H~'/2(©) is the Dirichlet-to-Neumann (DtN) operator
defined by

(oo}

T($) =Y ittndnYn

n=0

for ¢ = 300 ¢nYn in H/2(©). Here H*(I'g) for —1 < s < 1 is a Sobolev
space equipped with a norm

oo

1617y = D (L+X2)" |l (2.4)

n=0
Then the radiating solution u®* € H'(f2) is a solution satisfying the problem

—Au® — E2u®® = f in Q,

8UEI
- Oon I, (2.5)
6;;” —T(u®)=0onTIg.

Here we consider the problem with wave source f € H~!(Q) supported for
x < —6, where H~1(Q) denotes the dual space of the Sobolev space H'((2).
Now, we introduce CRBC that can approximate the DtN boundary con-
dition. For positive integers n, and n., CRBC of order (n,,n.) on I'y can
be defined in terms of auxiliary variables ¢; satisfying the Helmholtz equation
on a neighborhood of I'p with the homogeneous Neumann condition on the
waveguide boundary and the recursive relations on a neighborhood of I'g,

Yo =u (2.6)
0 0 .
(% +aj)p; = (—% +a;)ej1 (2.7)

for 0 < j < P:=n,+ n, — 1 together with the terminal condition

0
%@P+l =0on FE, (28)



where a; and a; are damping parameters given by

0 — —ike; for 0 < j < nyp,
T 0jon, formn, <j<n,+ne,

o ) (2.9)
6 — —iké; for 0 < j < nyp,
T Gjen, form, <j<n,+ne
with the conditions
Pmin/k < co <G < ... <Cnpo1 <Cpy-1 <1, (2.10)

[Lmin S (ofs} < &0 <...< O—ne—l < 5ne—l S [/Jma:v

Here pymin and iy, are the smallest axial frequency of propagating modes
and the smallest decay rate of evanescent modes, respectively, that is, if a cutoff
mode exists and the corresponding eigenvalue A% is of multiplicity 1, then

Hmin = UN—-1 and ,[Lmin = /NLN+1~

AlSO, fimas is determined in a way that e % for fi, > fimaes decays to low
enough level of the reflection error of propagating modes. The optimal pa-
rameters for minimizing reflection errors resulting from the absorbing boundary
condition will be discussed in Subsection 2.2

The following subsections are devoted to interpreting CRBC in different
forms.

2.1. CRBC as an approximate DtN operator

In this subsection we shall interpret CRBC as an approximate DtN operator.
Since the auxiliary variables can be written as the series similar to (2.3))

pi(w,y) = (A + Bya)Yn(y) + Y (Ahen" + Ble )Y, (y),
n#N

the formulas (2.6)-(2.8]) show that for n # N
(aj +ipn)Af = (a5 —ipa) AL and (aj — i) B) = (@5 +ipn) By (2.11)

with the terminal condition

P P
AP = P+l (2.12)
Denoting
m o~ . m .
" HM for j < m, n HM for 7 < m,
Rj,m = =; Qg — tp jm = =) ag — tn
1 for j > m, 1 for j > m,

it is easy to see from (2.11]) and (2.12) that

B.= Ry pBI*' and AT = Qf oA,



from which we obtain
By = Z§ pAn. (2.13)
Here "
2z =k =11 (a0 + iptn) (@c + iptn) (2.14)
£ (o= ipn) e — ipn)

Since |Z3 p| is the ratio of the amplitude of the left-going (reflecting) component
to that of the right-going (radiating) component, it is called the reflection coef-
ficient of the n-th mode. For n = N, we get a]BN = aJBJJrl with the terminal
condition BY = 0, which results in

By = 0. (2.15)

Now, for given Dirichlet trace u = Zio:o u, Y, of u on I'g, that is, u, =
Ap + By = (1+ Z3 p)A, from (2.13) for n # N and uy = Ay from (2.15) for
n = N, the Neumann trace of u on I'g is given by

ou i

due to ([2.13) and (2.15)). Finally, we define T, : H'/?(I'g) — HY/?(T'g) by

an —Zor UnYy, (2.16)
1+ 25 p

for u = >"" ,u,Y,, which is a Dirichlet-to-Neumann operator for solutions to

the Helmholtz equation satisfying CRBC on I'g. Here, we note that

np—1 ~

11 (kcj — pin)(kC)j — pin)
(kcj + pin) (kS5 + pin)

<1 for n < N,

n J=0
‘ZO,P‘: nptne—1 ( N )(~ - )
H % lf” Cj] lfn <1 forn>N.
j=n (0 + fin) (G5 + fin)
)
In addition, since lim, o Z5p = 1 for given parameters a; and a;, (1 —

Zyp)/(1 + Zg p)| is bounded independently of n and hence the operator Tt
is well-defined. Thus, the problem supplemented with CRBC on I'g can be
written in terms of the approximate DtN operator Ty,

—Au—Kk*u=finQ,

ou

87 =0on FC, (2_17)
Te(u

81/ )=0onTg.



2.2. CRBC as a rational approzimation

The exact DtN boundary condition for the n-th mode u,, of the solution u
is given by
du,
v
If we denote —pu? = z,, the DtN operator for the n-mode is the multiplication

by \/zn = ifin.
On the other hand, CRBC for the n-th mode is defined as

= ity on I'g. (2.18)

ouy,
= S(zn)un, (2.19)
where L gn
iy — 4o,p
S(zn) = T Zop (2.20)

Denoting P(z) = H;;O(aj + z)(a; + x), a polynomial of degree 2P + 2, the
reflection coeflicient Zg p can be written as

=)

Then it is clear that

P(=vZ) = P(V%n)
P(=v2n) +P(/Zn)

is an even rational approximation to \/z, of (2P 4 2,2P 4 2)-type and so S(z)
can be viewed as a rational approximation of (P + 1, P + 1)-type as a function
of z,. Since the relative averaged error of the rational approximation is given

by
VZn — S(zn)

VZn +S(2n)
the convergence of the rational approximation depends considerably on select-
ing parameters under the conditions (2.9) with regard to the minimization of
the reflection coefficient |Z{)L, pl. Alternatively, we may select parameters a; and
@; in C rather than real or purely imaginary parameters to minimize the er-
ror of S(z) over [—k?, —p2,..] U [ii2,in, fi2,0,)- However since it is much easier
to handle the minimization problem with parameters satisfying than the
general minimization problem in the complex plane, we restrict ourselves to the
minimization problem with the conditions , and it allows us to separate the
minimization of \Z& p| for propagating modes and evanescent modes. Here we
note that when the parameters are chosen to be purely imaginary for propagat-
ing modes and real for evanescent modes, this problem is related with the third
Zolotarev problem, see e.g., [29].
Noting that

S(zn) = Van

2 =2[Zgp|,

(aj +ipn) (@5 + ipn)
(aj —ipn)(a; — ipn)

— 1 for { np<j<n,+n. if0<n<N,

0<)<ny if N <n, (2:21)




the optimal parameters a; and a; can be obtained by solving two separate min-
max problems

npi . ~ .
Pp = min max H (a; + Z‘M)(?J + W) , (2.22)
00 Anp—1s  pefpmink] S | (a5 —ip) (@5 —ip)
ag,...,anp,lez]R, j=0
T (0 - (@ — )
= ; aj — Hla; — p
= min max -7, 2.23
Pe N anp";"a77’17+77’5_1 ME[ﬂmin7ﬁ7naz] _H (a'] + M) (a] + /“L) ’ ( )
Gnps8np4ne—1E€ER4 J=np

In [2, 27] the analytic solutions to the min-max problems are investigated by
using elliptic functions. The exponential decay of the reflection coefficients is
established as well. For more precise discussion, we recall the elliptic functions
defined in terms of the complete elliptic integral of the first kind

! 1
k0= || F=m=™

for 0 < v < 1: the sine amplitude sn(w,~y) is a map from the interval [0, K (v)]
to the another interval [0,1] given by the relation

sn(w,) 1
w = / dt, (2.24)
0 V(1= #2)(1—~2%)

and the delta amplitude dn(w,n) is defined by

dn(w,vy) = /1 — y2sn2(w, 7).

Let vp = pimin/k and ve = fimin/fimaez and denote 7, = \/ 1— ’Yg and Je =

V1—=~2 We use (p,v,5,m) = (pp, Vp: Vp, 2np) for the propagating component
and (p,7y,%, m) = (e, Ve, Ve, 2ne) for the evanescent component for the sake of
simple presentation. Then the CRBC parameters are related with the solutions
to the Zolotarev problem on the intervals [y, 1], that can be given by

2j +1
sj:dn(<1— j2+ )K(ﬁ),’y) for j =0,...,m—1 (2.25)
m

as seen in Appendix A of [10]. See also [2, B 27]. With these values, we obtain
that
¢j = Sa;, Cj = 52541 for v =7 (2.26)
05 = S2j,amawa 6] = 52j+1ﬂmaa: for Y= Ye- '

It is also shown in [I0, A.2] or [27) (3.17)] that the reflection coefficient p satisfies
2qm/4

g <ot @20



Wz = S(2)]
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Figure 2: Rational approximation S(z) to /z with optimal parameters for n, = 3,5,7,9.

with Jacobi’s nome q = exp(—7K (77)/K(n)), where 1 and 7 are given by n'/? =
(1—~Y2)/(1 +~Y?),77 = \/1 —n2. In addition, the approximate behavior of

P
,0 S eme/ln(l/y)’ (228)

can be shown by using an approximate expression of the nome as seen in [21], A.9]
(see also [29]). Hereafter C' denotes a generic constant that may take different
values at different places but does not depend on n,, n, and CRBC parameters.
In order to demonstrate the convergence of the rational approximation S(z) to
V/z in the interval [0.01,100] as an example, we choose bounds for parameters
to be fmin = 0.1, kK = 10 and determine optimal parameters for n, = 3,5,7,9.
The results are presented in Figure [2] where we observe that the errors in S(z)
are reduced uniformly in the interval [0.01,100] as n,, increases.

Here we note that compared with the reflection coefficients of the CRBC
with a; = @; analyzed in [I7] which are the optimal values of the min-max
problem

np—1

min max H

ao,...,a,,,p_lei]R_ p,e[p,minyk:] i—o

(aj +ip)?
(aj —ip)?

9

for instance, for propagating components, those of the new CRBC with more
degrees of freedom are reduced by factor 1/2 due to (2.27) as seen Table
Indeed, when n, auxiliary variables are used for propagating components in
two different CRBCs, for small ¢"»/2 the former one is approximately (2q”P/ 4)2

whereas the latter one is given by approximately 2¢>"»/4.

3. Parameter selections

It is important to choose appropriate parameters for efficient performance
of CRBC. The general idea of how to select parameters is discussed in [I7]. In
practice, if the number of important modes involved in solutions is small and the

10



’ k H one-sided, a; = a; | two-sided, a; # a; H ratio
4 1.806194e-07 9.030969e-08 0.500000
5 3.793422e-09 1.896711e-09 0.500000
6 2.571956e-10 1.285978e-10 0.500000
7 4.247227e-06 2.123613e-06 0.500000
8 1.806194e-07 9.030969e-08 0.500000
9 2.093552e-08 1.046776e-08 0.500000
10 2.288380e-05 1.144190e-05 0.500000
11 1.220426e-06 6.102130e-07 0.500000
12 1.806194e-07 9.030969e-08 0.500000
13 7.842724e-05 3.921362e-05 0.500000

Table 1: The comparison between the reflection coefficients p, of the CRBC of [I7] and the
new CRBC for n, = 3 and different wavenumbers

corresponding —i,, can be estimated by using a Lanczos algorithm for the cross-
sectional Laplace operator, then we can use these values for parameters so that
the reflection coefficients | Z p| for those modes vanish due to the formula 2.14),
i.e., the CRBC with these parameters serves as an exact radiation condition for
those modes. If it appears not to be efficient to estimate all —ip,, for important
modes, then we estimate i, and [, by computing eigenvalues near to k2
and use them for the bounds of the min-max problem. In order to balance the
reflection errors of three parts, we choose parameters as follows.

i. For given n, > 1, we solve the min-max problem (2.22) to find 2n, imag-
inary parameters and estimate p, in the interval [tmin, k] With fu,m, =

HN-1-

ii. We decide the upper bound fi;q, of the min-max problem (2.23)) for rel-
atively slowly decaying evanescent modes by solving the inequality

e—#ma,m5 S Pp-

It guarantees that reflection errors of all evanescent modes whose decay

rate fip is larger than fiy,q, are less than pj,.
iii. We decide n., > 1 and 2n. real parameters of the solution to the min-max

problem in the interval [fmin, fmaz] With fimi, = fin+1 such that

— )
e N0 p. < .

In this procedure, with decreasing tolerance € the required number of pa-
rameters and i, satisfies

(D)) = o)

1 1
[Lmaw X g -In g’ (32)

Ne o In <1) -In < ~1 > +1n <1> -Inln <1> = Ce. (3.3)
€ 6,umin € €

11




ny Pp fimaz ne | e fNe1dp,
1 2.0952e-02 || 7.7310e+01 2 | 1.5324e-03
2 | 2.1949e-04 || 1.6848e+02 4 | 3.3768e-05
3 | 2.2994e-06 || 2.5966e+02 6 | 9.4755e-07
4 | 2.4089e-08 || 3.5083e+02 9 | 3.6646e-09
5 | 2.5235e-10 || 4.4200e+02 || 11 | 1.5373e-10
6 2.6437e-12 || 5.3318e+02 14 | 9.5911e-13

Table 2: Reflection errors of CRBC when k = 107, § = 0.05, pmin = pn—1 ~ 13.6938 and
fimin = fiN+1 ~ 14.3965 with N = 10.

102 i
vvvv—vvav ’/v
¥ 9
Vol ——mn, =4
r Vi n, =5
£ 404 W »
& 10 ;7‘ Cem—6
n, =17
—»—mn,, = 4 with one exact mode
foe s JVENEVE -
/ N TN )/&’\ /»\/
7 \,,)/ \ \«/
10 / y 1
0 5 10 15 20 25 30

n

Figure 3: Reflection coefficients of propagating modes when pi,in < 1.

For example, for £ = 107 and § = 0.05, CRBC can suppress the reflection errors
with respect to increasing n, as in Table

In a certain situation, fymin OF fimin is very small and in such a case the decay
rate of p, or p. becomes worse as ftyin O [imin is closer to zero. In particular,
when there is no cutoff mode, that is, there is no A, such that k # \,, but
k is close to A, so that pmin(Or fimin) < 1 (the mode corresponding to such
L is called a near-cutoff mode), we may need to increase ny(or n.) to achieve
desirable accuracy of the absorbing boundary condition. However, instead of
increasing n, or n., it is preferable to use —ip, of near-cutoff modes for a
parameter a; and to estimate one more i, of the next one to the near-cutoff
mode and employ it for a lower bound of the min-max problem. An example
for k = 30m + 1075 and © = (0, 1) is illustrated in Figure [3 showing that the
result of n, = 4 (red-solid line) with the reflection of the near-cutoff mode
(n = 30) eliminated by CRBC is superior to those of other n, = 4,5,6,7 with
tmin €qual to u, of the near-cutoff mode. Thus, when we choose parameters,
we first examine whether a near-cutoff mode exists. If it exists, we choose
a parameter in a way that CRBC eliminates the reflection of the near-cutoff
mode and follow the general rule for the rest of parameters as above. We would

12



like to mention that the well-known absorbing boundary condition PML suffers
from reducing reflection errors of near-cutoff modes. According to the results in
[24], it turns out that reflection errors of the PML method decrease at the rate
of €727l where L and o stand for the PML width and strength, respectively.
In addition, the number of grid points, AMpmL, along the axis of waveguide in
the PML damping zone is proportional to 0 L/ imin. As a consequence, in order
to keep the error less than tolerance € we have

1 1
In—.
min €

NPML X

Noting that Apnr, corresponds to the number of auxiliary variables of CRBC,
PML requires extremely larger computational resource than CRBC.

In the rest of this section we give some properties of the reflection coefficient
when the number of parameters solving the min-max problems grows at a rate

of (3.1)-(3.3) with respect to tolerance ¢.

Lemma 3.1. Let s; be the values defined by (2.25)). Then the arithmetic mean
Sav Of 85 is asymptotically equivalent to w/(2K (%)) as m — oo, that is

lim_ Tk~ - (3.4)

We denote it by Sqp ~ 7/ K (%) as m — oo.

Proof. Noting that |dn”(-,7)| <4 < 1, we can show that the midpoint quadra-
ture rule for dn(-,¥) in the interval [0, K (¥)] satisfies

dn(z,7)dz — Z S — 5 S

/KW . KG)| _ K@G) (K@))z

0 iz N

Therefore, by invoking that an anti-derivative of dn(x,¥) with respect to z is
sin~'sn(z,7) (see [I, 16.24.3]) together with the fact that sn(K(7),5) = 1 and
sn(0,%) = 0 resulting from (2.24)), we have

m 1 (K@)
— < — (227 .
s <2 () o
which can be written as
1— Sav < LK(:Y)S
7/(2K(®))| ~ 12r m2

If v = ~,, then K (%) is constant and hence (3.4)) follows.
In case that v = 7., using the asymptotic behavior of K(7.) as 4. — 1,

1 1
K(’?e) ~ _5 ln(l - '?e) ~ In (’y) as '?e — 1 (36)

13



together with (3.2)) and (3.3), we obtain that

]im @ S hm C (ln(ﬁmax/ﬁmin))s 5 — lim C (111111(1/6))3 ~ _
meee m m=oe (In(1/e)-Inln(1/e))® m=e (In(1/e)-Inln(1/e))

since ¢ — 0 as m — 0o, which completes the proof for v = ~,. O

Lemma 3.2. For given M > N, let o4, be the arithmetic mean of the real
parameters ;,6; for 0 < j < n. satisfying (2.10) with fimee = fine. Then the
reflection coefficients of modes for n > M are bounded by

~ 2N,
,un — Oqu
) p| < |—/——— 3.7
Z35] < B0 7)
Proof. Using (2.21]), we see that
ne—1 ,~ ~ ~
T (in —0;)(fin — ;)
|26 p| = p- - —= for n > M.
or JI;[O (fn + 05)(fin + 55)
Thus, it suffices to show that for any m positive real numbers aj, ..., a,, such

that fimin < @ < fimaee and for the fractional function h(z) = (& — z)/(i + x)

with /i > fimaqs
" S\
[ %) < (h (J .
=1 m

Since 0 < h(z) < 1 for fimin < & < fimaz, the above inequality is equivalent to

—Inh <w> < —lzm:lnh(aj). (3.8)

m m

Now, noting that —Inh(z) is convex in the interval fiin < @ < fmaz, the
inequality (3.8]) immediately follows from Jensen’s inequality.
O

Lemma 3.3. Assume that M > N and n. > 1 are determined by the parameter
selection procedure as above for n, > 1 so that (3.1)-(3.3) hold, and let a; and
a; be the parameters satisfying the min-max problems (2.22)) and (2.23) with the
conditions (2.10) and fimaer = fins- Then the reflection coefficients of modes for
n > M satisfy
1

—— < C. 3.9

1+ Z5pl — (8:9)
Proof. We will show that Zg p is away from —1 for all n > M independently
of np,n. and CRBC parameters. In the proof, we keep in mind that n, — oo,

ne — 00 as € — 0 and vice versa according to (3.1)), (3.2)) and (3.3).
We first show that for sufficiently large [,

2
arg(Zy, 1) < % (3.10)
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Recalling the definition of the imaginary parameters a; = —ikc; for 0 < j < np,

since . &
0 < arg(fin + ikc;) = tan™" (ﬁ) <=
/-’L’IL :U’n

and the analogous inequality for @; holds, by using (3.5) we can show that

forn> M

n,—1

— 2k(c; +¢5) _ 4dnyk 7T K(H,)?
0<arg(Zy, 1)< J I < 2P ( — + for n > M.
(Z0in, 1) jZ::O fin fn \2K(7,) 96n2

We denote by

P 4nyk T K(H,)?
9T or /3 \2K(5,) | 9602 )
which allows us to have that if fi, > fiang, then R(Zgp) > —1/2 and hence

|1+ Zg p| > 1/2. From (3.1) we note that fiang has the asymptotically same
order of magnitude as

3k 1 1
flang <X ———1n (> -In () ase — 0 3.11
TR M5 G (310

with respect to tolerance e for reflection errors.
Second, for 0 < R < 1 we examine an upper bound jig of fi, such that
|Z3 p| < R. We begin by solving the equation

~ 2ne

</~m %) _R (3.12)
MR + Oqv

which leads us to

_ 1+ RYCm)  mfa,  4Ane
= 0, ~
UR iy R1/(2ne) QK("?e) ln(l/R)

as Ne — 00.

Here we also used the asymptotic equivalence in Lemma [3.1] We further show

by -, and (| - ) that

~ Tlmaz  2Ne 2m 1\ 2
- = |\ In = : 1
M Tn(1/7.) In(1/R) ~ 5n(1/R) < B €> as & =0 (3.13)

Due to and we can show that there exists €g > 0 such that
fir > [lang for € < g¢. It implies that if CRBC with large np and n. is applied so
that € < eo, then [1+Z5 p| > 1— Rfor,un < fir due to (3.12) and [1+Z7 p| > 1/2
for fi, > far(> /hmg) due to . In order to examine the case that £ > &,
we note that there are only ﬁnlte number of CRBCs of order (n,, n.) that result
in e > gg. Thus, we can find R = minc>, n>nm [1+ 2 p| > 0 independent of n,,
and n.. As a conclusion, we show that |1+ Z3 p| > min{R, 1 — max{R, 1/2}}
for n > M and for any n,,n. > 1, which completes the proof. O
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4. Well-posedness and convergence analysis

This section is devoted to establishing the well-posedness of the wave prop-
agation problem (2.17) with CRBC for the radiation condition on I'g and pro-
viding the convergence analysis of approximate solutions satisfying CRBC.

4.1. Preliminaries

We consider the model problem in the truncated domain supplemented with
the DtN boundary condition for a radiation condition on the artificial boundary
I'g, assuming that k2 is not an eigenvalue of the problem and there are
wave sources f € H~1(Q) supported for x < —§ and g € H1/%(T'g).

—Au—Kk*u=finQ,

The corresponding variational problem is to find u € H'(§) such that
A, 6) = (£, )10+ (9,6) . rp for all 6 € H'(Q), (4.2)
where A(-,-) is a sesquilinear form defined in H*(Q2) x H(Q) by
Au,¢) = (Vu, Vo)o — k*(u,0)a — (Tu, ¢) 1 .-

From here on we use (+,+)q and (-, -)r, for the L% inner products in Q and TI'g,
respectively. Also, (-,-)1,0 and (-, ) 1rg stand for the duality pairings between
H~Y(Q) and H'(Q) and between H~/?(I'y) and H'/?(I'g), respectively. We
have the well-posedness of the problem (4.2) as seen in [6} [16] [24].

Lemma 4.1. Assume that k? is not an eigenvalue of the problem (2.1)). Then
there exists a positive constant C' such that

|[A(u, 9)]

lullgrio) <C  sup  ——"—
ozecH (@) 10l H (@)

and

A(p,u
lulltri@) <€ sup i
ozscu (@) 9llH (@)

for allu € HY()). Therefore, the problem (4.2)) has a unique solution u € H'(Q)
satisfying
lull i) < CUflla-1@) + N9lla-1/200))- (4.3)

Lemma also implies that the adjoint problem for (4.2)),

A(d,u) = (o, flra +(4.9)1 r, for all ¢ € H'(Q)

16



has a unique solution u satisfying the stability estimate (4.3)). Here we note that
the solution u to the adjoint problem satisfies the boundary condition

ou

s —T*(u)=gonI'g,

where T* : H'/?(I'y) — H~'/2(I'g) is the adjoint operator of the DtN operator
T defined by

<T(¢)7w>%,I‘E = <¢7 T*(’lp»%,FE
for ¢, € H/?(I'g), that is, for ¢ = 300, ¢ Yy,

00
= Z i,LLnd)nYn
n=0

As an approximate adjoint DtN operator, we introduce the adjoint CRBC op-
erator T* : H'/?(I'g) — H~'/?(T'g) defined by

<Tc(¢)7w>%,l“5 = <¢1T;(¢)>§ T'g

3

for ¢, € H'/?(T'g). Analogously, T is given by

zwnl‘z“ nYo
1+Z(’}P

4.2. Well-posedness

Now, we consider the problem equipped with CRBC instead of the exact
DtN boundary condition on the artificial boundary I'g,

—Au—k*u=finQ,
ou
87 =0on FC, (44)
ou
Te(u

- )=gong.

The corresponding variational problem can be written as finding u € H(Q)
satisfying
Ac(u, ) = (f,0)1,0 +{(9,9) 1.1, for all g € H(Q), (4.5)

where A.(-,) is a sesquilinear form defined in H(Q2) x H'(Q) by
Ac(ua (b) = (VU,, V¢)Q - kQ(ua (b)Q - <Tc(u)a ¢>%71"E~

To analyze the well-posedness of the problem , we will study inf-sup
conditions for the sesquilinear form A.(-,-). If T, converged to T as operators
from HY?(T'g) to H™'/?(Tg) as n,, n. — oo, then the inf-sup conditions of
the sesquilinear form A.(-,-) would be obtained from the inf-sup conditions of
A(-,-) by a simple kick-back argument. However this approach is not available
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since T, does not converge to 7' in norm. Instead we use the convergence of
T.(¢) to T(¢) if ¢ is a trace on 'y of a radiation solution, which is established
in the sequence of lemmas. Let Py : H'/?(Ty) — H'Y?(T'g) be the projection
onto the finite dimensional subspace spanned by {Y,,}¢_, i.e.,

[eS) 4
Py <Z unYn> = ZunYn
n=0 n=0
The first lemma is concerned with the convergence of T, to T for the prop-

agating component as n, — oo.

Lemma 4.2. Assume that the imaginary parameters a; and a; for 0 < j <n,
are the solution of the min-max problem (2.22)). Then it holds that

(T — T)PN(¢)HH—1/2(FE) < Ce—Cnp/ln(l/vp)||¢||H1/2(FE)
for ¢ € HY?>(Tg) and for sufficiently large Np.

Proof. For ¢ = Y20 1 ¢,,Y,, € HY/?(T'g), by [2:28) and |iu,|?> < C(1+ A\2) we
show that

N

) 27y
(T, — T)PN(QS)”%rl/z(FE) = Z(l + )\%)71/2 ting Zs On
— +4pp

Clo—Cnu/ n(1/7) i
S U= Om/mtm)y Z (14 X0 6]

< Ce~ Cnp/ln(l/vp)||¢||H1/2(FE)

for sufficient large n,, > 1 such that e~ ¢/ (/%) < 1/2, O

Under the assumption that ¢ is a trace of a radiating solution on I'g, we
prove the convergence of T, for the evanescent component in two lemmas. The
first lemma is associated with finite superpositions of relatively slowly decaying
evanescent modes.

Lemma 4.3. Assume that ¢ € Hl/Q(I’E) is a trace on I'g of a radiating solution
u € HY(Q) to the problem . Also, assume that the real parameters a; and
a; forn, < j < np+ne are the solution to the the min-max problem with
fmaz = fiag for M > N. Then it holds that

I(Te = T)(Par = Pa)(@)llsr-1/2(r) < CePridemCne/inti/ne)

ull (o)
for sufficiently large ne > 1 such that e=C</1(1/7e) < 1/2.

Proof. Let u be the radiating solution to the problem (4.1)) of the form

y) =Y Anetn Y (y) for z > —0. (4.6)
n=0
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Then ¢ can be written as

$= ¢nYn=>_ Ane#Y, on HY*(Ip). (4.7)

n=0 n=0
As done in Lemma [4.2] we can show that

M

I(Te = T)(Par = P)(@)[riopgy = D (14 A2)7H2
n=N+1

iy —— 22—,

M
< Ce—Cne/(1/7e) Z (1+ Ai)1/2|¢n‘2
n=N+1

for sufficient large n, > 1 such that e=¢"/10(1/7¢) < 1/2 Therefore, by using
(4.7) and a trace inequality we obtain that

M
|(Te = T)(Par — Pr)(@)[3-1/2pyy < CemCme/ M 3™ (14 22) 1262000 4,2
n=N+1
< Ce_QﬁN“&e_Cne/ln(l/%)||“H%II(Q)»
which completes the proof. O

Finally, we prove the convergence of T, for remaining evanescent modes.

Lemma 4.4. Let ¢ € HY?(T'g) be a trace on Ty of a radiating solution u €
H'(Q) to the problem (4.1). Assume that M > N and n. > 1 are determined
by the parameter selection procedure for n, > 1 so that |D hold, and let
a; and @; be the parameters satisfying the min-maz problems (2.22) and
with the conditions and ez = par- Then it holds that

I(Te = TYI = Pat)Bllgr-1/2(0,) < Ce 0l g .- (4.8)

Proof. Assume that u and ¢ are written as (4.6)) and (4.7). By Lemma (4.7)
and the fact that |ip,|> < C(1+ A2) and |25 pl < 1, we are led to

> 27
(T = T)T = Pa)dllyy o,y = >, (L+A2) 2 n%%
n=M 41 +Zop

o0
<C Y (144,
n=M+1
Thus, we can see that by a trace inequality

o0

1(Te = TV = Par)ly-1/2qppy < Ce2P0010 3™ (14 A2)2(4, 2
n=M+1

< 0672'&M+16Hu”%{1(9)

which is the required estimate.
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For the exponential convergence result we denote

E(np,ne, M) = C(B*C”p/ln(l/vp) 4 e An+18,=Cne/In(1/7e) e*ﬂM+15)'

Now combining Lemma and [£4] leads to the following convergence
result.

Lemma 4.5. Let ¢ € H'/?(T'g) be a trace on Ty of a radiating solution u €
HY(Q) to the problem (4.1). Assume that M > N and n. > 1 are determined
by the parameter selection procedure for n, > 1 so that |D hold, and let
a; and @; be the parameters satisfying the min-maz problems (2.22) and
with the conditions and fmazr = b and

e~ Cnp/In(1/7) 1/2 and e~ COne/In(1/7e) ~ 1/2.
Then it holds that
[(Te =Tl -1/2(rp) < E(np, e, M)||ul| 1 (0)- (4.9)
The convergence of the adjoint operator holds as well.

Lemma 4.6. Assume the same conditions as those in Lemma[{.5 Then the
same convergence result for the adjoint operators holds.

(T = T*) Pl -1r2(r ) < E(ps e, M) |[ul| o (- (4.10)

As the last ingredient for the well-posedness analysis, we investigate T, by
breaking into two parts

T.=T'+T2
defined by

> 1-2Z0

Tclu =T.(I—-Py)u= Z iunion’Pun,
n=N+1 1+ ZO’P
N

1-2p

T?u=T.Pyu=Y ipn—cu,
“u NU nzzozu 1+Z€Pu

in the following lemma.

Lemma 4.7. Assume that n, is chosen such that e=C"»/ (/%) < 1/2. The
real part of the operator T} is non-positive in H'/?(T'g) in the sense of

RUT (u),u)y py) <O (4.11)
foru € HY?(Tg). Also, it holds that
(T2 (u),u) s ppl < CllullZar,,) (4.12)

forue HY?*(Tg).
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Proof. Let u= 30" u,Y, € H/?(I'g). Since |Z§ pl < 1 for all n, we have
R = Zgp)/ (A1 +Z5p)) >0

for all n and thereby we can show that

> 1- 2y
RUTHw),w)rp) = Y <ﬂn>m< ‘”’)uﬁso.

n
n=N+1 1+ ZO»P

For establishing (4.12)), we invoke that |Z3 p| < e~ Cme/ /) < 1/2 for
0 <n < N to see that

1-Z3p
Wy ———| < 3k.
1z,
It then follows that
2 al . B Z&P 2 2
(T (U)au>%,r};| < Z Z,Unm un|” < C||u||L2(FE)7
n=0 s
which completes the proof. O

We are now in a position to prove the well-posedness of the problem (4.5]).

Theorem 4.8. Assume that k? is not an eigenvalue of the problem (2.1). Also,
assume that M > N and n. > 1 are determined by the parameter selection
procedure for large n, and the reflection errors satisfy

e~ Cnp/In(1/7) 1/2 and e~ COne/In(1/7e) ~ 1/2.

Then it holds that

Ac(u,
lull g1y <C sup [Ac(u, )] (4.13)
ozeer (@) |llm (@)
" Ae(,)
C 7u
[ull i) <€ sup T (4.14)

oper () [10llr1 (o)
for allu € HY(Q). Therefore, the problem has a unique solutionu € H*(Q)
such that
lullzr) < CUfllz-1@) + 9l m-172(04))-
Proof. We only prove (£.13), in that (4.14]) follows from and the fact

Ac(u,¢) = Ac(p,u). To prove ([4.13)), it suffices to show that if u € H(Q)
satisfies

Aulu,6) = F(6) for 6 € H'(%) (1.15)
for some F' € H~!(Q), then it holds that

lull g1y < ClF || g-1(0)- (4.16)
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We start by examining the real part of A.(u,u),
R(Ac(u,u) = lullip ) — ** + DlulZaiq) — RUTZ (w), u)y r,) — ROTE (), u) s ry)-
From and in Lemma it follows that
lullf @) < [Ac(u, w)| + (k2 + 1)l|ull72(0) + Cllullfzr,)- (4.17)

From now on, we shall estimate three terms in the right hand side of (4.17)).
The first term is easily estimated by

[Ac(u, w)| = [F(w)] < [[Fllg-1@llullg @) (4.18)

For the second and third terms, we consider a solution w € H'(Q) to the
adjoint problem

A(p,w) = (¢, u)a + (¢, u)r,, for all ¢ € H'(9), (4.19)
satisfying
wlle @) < Clullrz@) + llullL2ry))- (4.20)
Here we note that @ is a radiating solution. By taking ¢ = w in (4.19)), using
Lemma (4.20) and a trace inequality we show that
||u||i2(Q) + Hu||2L2(FE) = A(U,U)) = AC(ua U)) + <(Tc - T)U,U)>1"E
= F(w) + (u, (T, = T")w)ry
S NF - @ llwllar @) + Emp, ne, M)[|ull i @ llwll @)
< (IFllzz-2(0) + g, me, M) [ull i (ey) (lullz2 ) + ullzzws))-

As a consequence, it can be obtained that

(K + Dull72 () + Cllullier,, < C (||F||§rl(ﬂ) + g(npan&M)QHuH?{l(Q)) :
(4.21)
Now, we use (£.18)) and ({#.21)) in (#.17) and apply the arithmetic-geometric
mean inequality to (4.18)) with v > 0 to have

0% 1
ol < (3 + g, 2) Tty + (5 + € ) W Vs

Finally, by choosing small v and large n,,n. and M such that v/24+E&(n,, ne, M)? <
1/2, (4.16) then follows, which completes the proof.
O

4.8. Convergence

Now, we are ready to show the convergence of approximate solutions satis-
fying CRBCs as n, and n. tend towards infinity.
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Theorem 4.9. Assume the same conditions as those in Theorem [[.8 Let u®®
and u be the solutions to the problem (4.2) and (4.5), respectively. Then for
sufficiently large ny,, ne and M, we have

lu —u || () < E(np, ne, M)||[u || g1 (-
Proof. Let e = u — u®® be the error function. Then e solves the problem
Aclesd) = (T — T, 6) s, for 6 € HY(Q). (4.22)
From Theorem and Lemma it can be derived that
el @) < ClH(Te = T)u [ g-172(rp) < E(p, ne, M)||u || 110,
which is the desired convergence result. O

Remark 4.10. We provide the well-posedness and convergence analysis only for
CRBC with optimally chosen parameters for a concise presentation. However
it still holds when some of parameters are equal to —ip, of important modes.
The analysis for this case requires only a minor modification with regard to the
boundedness ([3.9)).

1. For small tolerance e > 0, let M > N be an integer such that e #M+19 < ¢,
We consider the CRBC giving the exact radiation condition to the first
M + 1 modes, that is, all —ip, for 0 < n < M are used for CRBC
parameters. In this case holds. Indeed, this case yields that [iang
can be taken to be 6Nag,/m with aq, being the arithmetic mean of the
azxial frequency of propagating modes, and it is a constant independent of
M. Thus, if fing+1 > flang, then |1+ Zgpl > 1/2 for allm > M. In
case that firpr+1 < flang, Since there are only finite number of fi, such that
frt1 < fin < flang, we can find a constant Cyr such that |1 + Z&P| >
Cym > 0 for fing+1 < fin < flang. Therefore, it can be concluded that
|1+ Zg p| > min{Cn, 1/2}, where the minimum is taken over M such
that firpr+1 < flang. The convergence result of this case can be written as

||u — uez”Hl(Q) < CeiﬁMJrl(SHUEIHHl(Q).

2. We consider the CRBC eliminating the reflection of mear-cutoff modes
and minimizing those of other modes by using optimally chosen parame-
ters, that is, —ipy, of near-cutoff modes is used as a parameter and other
parameters are determined by the formulas . We can have (3.9)

as the counterparts of (3.11)) and (3.13)) follow the analogous asymptotic
behaviors. The convergence result of this case can be written as

= w11y < C (/AW 4 eCme/ MO/ 4 e =Farnd) 4% | s g,
where

(np_]-v k/,UfN727 Ne, ’Ve) or
(npa Tps Ne _17 ﬁmaz//]NJrQ)

depending on whether the near-cutoff mode is a propagating mode or an
evanescent mode.

(ny b, il L) ={
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5. Practical CRBCs for discretization methods

In order to apply a discretization technique such as the finite element method
to the problem with CRBC imposed on I'g, we need to rephrase the
boundary condition in a tractable form. To this end, we introduce a practical
CRBC involving auxiliary variables defined only on the boundary I'r. Let e;
be the j-th standard basis vector in CP+2 for j = 0,1,..., P + 1, whose non-
zero entry is one at the j-th component, and let us define a space for auxiliary
variables,

Vi = {(¢0,...,0p+1) € (L*(Tp)’1? : ¢j+¢;41 € H' (Tg) for j =0,...,P}.

After eliminating the normal derivatives of auxiliary variables in the recursive
relations (2.7)) as done in [I7], we can see that if u satisfies CRBC on I'g, then
there exists ® = (¢q,...,¢p11)t € Vp,, satisfying
ou 0?
My = L&~ M
o a2 (5.1)
=LV.®+ (KL —M)®onTg

and %@ =0 on OI'g with ¢g = w on I'g, where L and M are (P +2) x (P +2)
symmetric and tridiagonal matrices whose nonzero entries are

1 1 1 1
L~ = L J— + L . - =
753 ~ ’ 757 ~ ~ 7,5+1 )
@j-1+ aj-1 aj-1+aj-1  a; +a; aj +a;
2 = ~ =2
—as_q ;145 _1 a;Qa; —as;
‘]\4,._1:73~ R J { + J{ M"+1: J~
3, P BT T+ a ait+a.’ 32 i+ &
Jj—1 J—1 Jj—1 Jj—1 J J J J
for j = 0,...,P + 1. Here we use the convention that the terms with indices
outside the bounds of the arrays a; and a; are ignored, for instance,
1 1
Loo = — and Lpyipr1 = —F7.
ag + ag ap +ap

Therefore one can have the problem suitable for application of discretization
methods, to find u € H'(Q) and ® € Vi, satisfying

—Au—K*u=finQ,

ou

5 =0on FC, (52)
O o~ LV20 4 (k2L — M)® on T
ov 0 T £

with u = ¢ and 0P /Jv = 0 on IT'g. By introducing the solution space
V={(u,®) € H(Q) x Vr,, : u=¢oonlgfor ®=(do,...,0p41)}
equipped with the weighted norm depending on the matrix L

(s @)1 = [l ) + 12115,
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where
P
”(I)HQVFE = Zo m”%‘ +¢i1llin e (5.3)
o

we can rewrite the problem (5.2) as a variational problem to seek for (u, ®) € V
satisfying

(Vu, Vo)g — k*(u,v)q + (LV, @, V, W), + (—k*L + M)®, ¥)r, = (f,v)1.0
(5.4)
for all (v, ¥) € V.
The equivalence of two problems (2.17) and (5.2)) is established in the fol-
lowing theorem.

Theorem 5.1. If (u,®) € V is a solution to the problem , then u is a
solution to the problem . Conversely, if u € HY(Q) is a solution to the
problem , then there exists ® € V', such that (u,®) is a solution in V
to the problem . In addition, the auziliary variables ® to the problem

satisfy
Vibminl|@llve, < CVP + 1| flla-1) (5.5)

where fimin = min{|p,| : pun # 0} is the smallest non-zero axial frequency.

To prove Theorem [5.1] we first show the n-th mode of the solution to the
problem ([5.2)) satisfies the same DtN boundary condition as (2.19)). To do this,
we examine the auxiliary variables solving the problem on I'g

—LV® + (—k’L + M)® = Eje; in T'g,

5.6
87@ =0on aFE ( )
ov

for E; € H'(I'g) with 0 < j < P + 1. Although it is enough to study

the problem (5.6) with j = 0, we examine the general problem for the unique
solvability of the problem (5.6)).
It is clear that the n-th Fourier coefficients ®™ of ® satisfy the equation

(~W2L+ M)3" = Ele;, (5.7)

where E7 is the n-th Fourier coefficient of £;. We shall establish the invertibility
of the system matrix of (5.7) for n # N and derive the solution formulas in the
following lemma.

Lemma 5.2. Let n # N, d.e., ju, # 0. Then —u2L + M is invertible and a
solution ®" € CF*+2 to the linear system (5.7) is given by the formula oy =

n n
sy ;&5 where

(1+ Z(SL,ZA)RZJ‘A(I + ZZP)

S — —2ipn (1 — Z(rJl,P)
b (1+ Z&jfl)lefl(l +Z¢p)

~2ipn(1 = Z§ p)

if £ <7,
(5.8)

if 0> 5.
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Proof. Once we show that the problem for each j =0,1,...,P+ 1 has a
solution, the invertibility of the matrix —u2 L + M immediately follows.

We first assume that a; # —iu, for j = 0,1,...,P. In case that 0 < j <
P + 1, we will find the solution ®™ of the form

n no A,+(RY, )"'B, fort=0,1,...,j,
o :{ Qo,e 142 ( 0,¢ 1) J (5.9)

"y Co+ (RY,_)7'D,  for £=j,j+1,...,P+1.

When j = 0 or P+ 1, we will find solution ¢} defined by the upper formula
with £ =0,1,..., P + 1. Here we will verify the formulas for 0 < j < P + 1, as
the other cases can be treated in the same way with only small modifications.

By the definition of Q7 and R, one can easily show that the three term
recursions

(—pa Legr4 Mo 1)9p— 1+ (—pi Lo+ Mo o) by +(—pis Loy +Mee1)9p, =0

hold for ¢ #£ 0, j, P+ 1. Thus, the four unknowns Zn, En, C,, and D,, are to be
determined by

— i (An — Br) =0 (5.10)
from the 0-th equation,

Qb j1An + (Ry ;) "'By=Cy+ Dy, (5.11)
from the definition of ¢} with ¢ = j,
~ 1

(Q(T)l,jﬂgn —( g,jfl)_lén) — (én -D,) = JEJR (5.12)

from the j-th equation and
" pCr = (R p) "Dy = 0 (5.13)
from the (P + 1)-th equation. Solving the equations ((5.10))-(5.13)) leads to
= (I+Z7p)Ro; 1 .,

A =B, = .

m T i (- 2y )

6= UHZiiD) gy 0T )2,
*2Zﬂn(1*Z(T)L,P) 7 *2iun(1*Zéﬁp) »

and hence the formula (5.8]) is obtained. When there exists an index .J such that
aj +ipy, = 0, it is straightforward to show directly that ®" = EJ” Zf:o st ey
still solves the problem (5.7]), which completes the proof.

O

The next lemma is required to analyze cutoff modes associated with py = 0.

Lemma 5.3. e is not in the range of M, that is, M®N = ey does not have a
solution.
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Proof. We conduct backward Gaussian elimination to reduce the tridiagonal
matrix M to the lower triangular matrix. It turns out that the reduced lower
triangular matrix has zero at the (0, 0)-entry and hence the problem M®Y = e,
does not admit a solution, which completes the proof. O

For the estimate (5.5)) of the auxiliary variables solving the problem ([5.2)) we
need following lemmas.

Lemma 5.4. Assume that a; and a; are the solution parameters defined by
for the min-max problems and (2.23)), and n, and n. grow at the
rate of (3.1)-(3.3). For each m let Cy, = max{\dj/aj|};-":51 > 1, where m = ny,
orm=mn,. Then C,,, — 1 as m — co.

Proof. 1t suffices to work with s; of (2.25). Let A = K(§)/m and u; = (1 —
(25 + 1)/2m)K (7). Here we observe that A — 0 as m — oo. Indeed, in case
that v = «,, m = n, the convergence of A is an obvious result from the fact
that K (%) is constant. On the other hand, if v = 7., m = n,, then we use

, — to show that

KGF) _ (/y) (/e

m n(1/e) min(i/2)  n(ije) -m(ijz) "

as ne — 00.
Now by the mean value theorem, we have

Sj+1 _ dn(uj — A[?) -1+ ’N}/SH(U;,"N)/)CH(U}?,:)/)

— = - A
S; dn(uj,¥) dn(uj,¥)

*

for some u} between u; and u;11. By using en(u},¥) < dn(u},¥) < dn(uji1,7)
and 0 < ysn(u},7) < 1, we have

S S

Sj 5

or equivalently, (1 — A)sj41/s; < 1. Since that A — 0 as m — 0o, we see that
Cm < (1 — A)7! for sufficiently large m and hence C,, — 1 as m — oco. O

Lemma 5.5. Under the same assumptions as those in Lemmal[5.4, it holds that
Q6| <1 (5.14)

forn £ N and for 0 < ¢ < P. In addition, there exists a positive constant C
independent of n,, n. and CRBC parameters such that

|1+Q?j C |1+R§Lj C
=— < , = < .
Viaj+ai| = /Il Viaj+ai| = /Il

Proof. The condition |a;| < |a;| in (2.10) leads to |a; + ipn|/|G; — ipn| < 1 and
it then follows that |Qf ,| < 1.

(5.15)
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For we first observe \/|a@;tn|/]@; — ipn| < 1 by the arithmetic-geometric
mean inequality. Utilizing the inequality and |a;| < |a;| leads to
1+Qj,l 1 laj + a;|
Vi +a1 /lag +a] la; —ipnl
_ Mgl V0aj+al 1 C
a; —ipnl Vol v/ Tinl = VTl

which proves the first inequality of (5.15)). The second inequality of ([5.15) can
b4

be established in the same way but with |a;| < C|a;| from Lemma [5.4] instead
of |aj| < |a;|. Here the constant C is taken to be the maximum of C,,, which
is available since C,, converges to 17.

(5.16)

O
Now we are ready to prove Theorem 5.1

Proof of Theorem[5.1 Assume that (u,®) € V is a solution to the problem
(5.2). Lemma asserts that there is no contribution of cutoff modes to the

Neumann data of u, i.e.,

auij\I:OOHFE.

ov

For non-cutoff modes, the solution formula (5.8) with £ = j = 0 and u,, = ¢

shows that 5 L gn
n -1 . -
S _ —Up = zunio’P Up. (5.17)
o spg 1+ Z5p
As a consequence, all modes of the solution u satisfy the condition (2.19) and
hence u solves the problem ([2.17]).
Conversely, assume that u € H'(2) is a solution to the problem (2.17) and
consider the problem (5.7) with Ef} = —0u,/0v. When n # N, the solution

formula (5.8]) shows that
o = Qo 1(1+Z]p) Oun
‘ iptn (1 — Z&P) ov

By comparing ((5.18]) of ¢ = 0 with (5.17) we can show that ¢j = u,. Further-

more, eliminating du,, /dv from (5.18) yields that

= W= 20)
‘ (1+ 25 p)

Now, for the estimate (5.5 of ®, we use Lemma and (5.14) of Lemma

to obtain, for n # N,

for {=0,1,...,P+1. (5.18)

¢y forf=0,1,...,P+1

Qo1 (L+ Q7))+ Q23 p(1+ RYY)
1125,

< C(1+ Qfel + 1+ RE,[) 65

|67 + ¢l = |6 |

(5.19)
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for £=0,..., P and hence by ([5.15) of Lemma

1
|+ ¢ | < ———]0h].
lag + af| - \/I ]

For n = N, there exists a unique solution to the problem M®y = 0 with
&Y = up, that is,

(5.20)

-1
N _ aj N
of = II i |9
7=0
Therefore, we have
la |ae + ae|
j ¢+ Qg
01 + ol = [ IT| e
L @
for £=0,..., P and so by using the inequalities
~ -1
\/ |az + az| C a;
.~ < — and — | <1,
|G Vfimin JE[O a;
we are led to
= —
SRS PH NIRRT |y 0T P ﬁws - (5:21)
|ag + (lg| |CL[| =0 aj Hmin
Noting that
14 \2)1/2
(L+As) < AC , (5.22)
|H’TL| Hmin
we combine ) and - ) to obtain
P+1
02+ o2 < LD 02 1 ayraygge (523
for m > 0, which results in the desired inequality ([5.5))
V bminl| @l v, < CVP + 1ol g2,y < CVP+ 1 flla-1(a)
and the proof is completed.
O

Remark 5.6. Since |Q8’P\ ~ 1 for large n in , the dependence of the sta-
bility constant in on P may arise for such large n. However for relatively
smalln (such as all propagating modes and relatively slowly decaying evanescent
modes) such that

Q7| <c<1forall0<j<P (5.24)
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n k=10 k=16
po [ e | e [ e

0 10 1 16 1

1 9.4937 1 15.6885 1

2 7.7795 1 14.7147 1

3 3.3426 1 12.9296 1

4 7.61017 | 3.2564e-02 9.9038 1

5 12.11367 | 4.2914e-03 3.0430 1

6 15.97837 | 7.5391e-04 9.96527 | 1.1284e-02
7 19.58607 | 1.4868e-04 15.0867: | 1.1260e-03
8 23.05767 | 3.1173e-05 19.38187 | 1.6299e-04
9 26.4469: | 6.7829e-06 23.3118¢ | 2.7805e-05
10 29.7819¢ | 1.5123e-06 27.03637 | 5.2027e-06
11 33.0790¢ | 3.4299e-07 || 30.63047 | 1.0323e-06
12 || 36.34867 | 7.8758e-08 || 34.13547 | 2.1322e-07
13 || 39.5975: | 1.8254e-08 || 37.5761: | 4.5332e-08
14 || 42.83047 | 4.2613e-09 || 40.96887 | 9.8483e-09

Table 3: Magnitude of et#n?,

with some positive constant ¢ < 1 and hence |Q ,_,| < c*, we see that (5.20) is
bounded by a geometric sequence
C

1
7~|¢Z + ¢€+1| < Ce
Vlae + ag V|

It implies that the norm estimate (5.23)) is derived without the dependence on
P. Thus if the solution consists of modes with small n satisfying (5.24), then
the dependence of the stability constant in (5.5) on P is not involved.

|95

6. Numerical examples

This section is devoted to presenting numerical experiments validating the
convergence theory for CRBC approximate solutions. In the first example, we
show that CRBC can provide the exact radiation condition for important modes.
To this end, we choose a semi-infinite straight waveguide with a rectangular
obstacle for Q. = ((0,00) x (0,1))\ Q; with Q; = (0.01,0.5) x (0.01,0.99). The
unbounded domain is truncated at £ = 1 and the computation domain €2 is set
to be Q = (0,1)2\ Q. For k = 10 and 16 the wave source f is given in a way
that the exact solution u®® is defined by

5L—1
ex 1 % r—
u(z,y) = x(x) Z 7° #n (@=0:55) cog(nary),

n=0

30



—=
X T
- X
B X T ]
102 ¢ ERBE i _—
LR _
LI -
Z- -
-
AY////
////
e
4 —
107 ¢ /// —o—k = 10, Relative L*-error
—o—k = 16, Relative L*-error
—-x-—k = 10, Relative H'-error
—-x-—k = 16, Relative H'-error
L i)
10° 102

h

Figure 4: Relative errors of finite element approximations for k = 10 and k = 16.

where L = |k/m] and x is a smooth cutoff function of  such that ||x|lc = 1,
x(x) =0 for x < 0.55 and x(z) =1 for x > 0.9. When k = 10, we have L = 3
and there are 4 propagating modes and 11 evanescent modes in the solution and
in case of k = 16, L = 5 and the solution is a superposition of 6 propagating
modes and 19 evanescent modes. The magnitude of e for each mode is
given in Table [3] with the separation § = 0.45 between the artificial boundary
and the wave source of evanescent modes. We determine n, = 4 and choose
parameters a; and a; to be the values of —ip, in the gray cells in the table
since the reflection errors of remaining evanescent modes are bounded by

le?12°| ~ 7.87581 x 1078 for k = 10,
le?14°| ~ 9.84837 x 107° for k = 16,

which are small enough for finite element approximations. The CRBC with
(np,ne) = (2,4) for k = 10 and (ny,n.) = (3,4) for k = 16, whose imaginary
parameters are equal to the axial frequencies of all propagating modes and
real parameters coincide with the decay rates of the first 8 evanescent modes,
serves as the exact radiation condition for those modes. We compute bilinear
finite element approximate solutions with mesh h = 1/100, 1/200, 1/400, 1/800
and 1/1600 by using the finite element library deal.Il [3]. As seen in Figure 4}
finite element approximations converge at the quasi-optimal rate since reflection
errors are less than 10~7. The snapshots of real and imaginary parts of the exact
solution and the approximate solution satisfying CRBC obtained by the finite
element method with A = 1/400 are presented in Figure [5| showing that the
approximate solution is not visually distinguishable from the exact one.

In many applications, we do not need to choose many parameters to make
CRBC an exact radiation condition for all important modes but instead it is
enough to reduce reflection errors below finite element errors by using CRBC
with a smaller number of optimal parameters. To demonstrate the effect of
optimally chosen parameters, we consider a problem for £ = 107 posed on the
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(a) Real part of the exact solution (b) Real part of the CRBC solution

(c) Imaginary part of the exact solution (d) Imaginary part of the CRBC solution

Figure 5: Snapshots of the real and imaginary parts of the exact solution and the finite element
solution satisfying CRBC for k = 16 and h = 1/400.
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Figure 6: Relative errors of finite element approximations satisfying CRBC for h =
1/100,1/200, 1/400, 1/800, 1/1600 and 1/3200 when k = 10

computational domain Q = (0,0.05) x (0,1) with T'g = {0.05} x (0,1). Here
a Dirichlet condition is imposed on {0} x (0,1) so that the exact solution is

defined by
2L—1

1 .
u®(x,y) = —e"™nT cos(nmw
(,y) n;) T (ny)
with L = k/7. Since the exact solution in this example includes a cutoff mode,
it will also validate the effective performance of CRBC for cutoff modes.

It turns out that CRBC with n, = 2 and n, = 3 can reduce the reflection
errors of 10 propagating modes up to 2.19494 x 10~% and 2.29942 x 1075, respec-
tively. As indicated by the reflection errors, Figure [f] shows that finite element
approximations of CRBC with n, = 2 converge at the quasi-optimal rate until
the errors reach the level of the reflection error and those with n, = 3 do not
suffer from interruption of reflection error. In addition, since CRBC with the
Neumann terminal condition provides the exact radiation condition for cutoff
modes, we do not have any trouble to approximate solutions including a cutoff
mode as seen in this experiment. In comparison to this result, it is shown in
[I7] that CRBC terminated with a Dirichlet condition gives the reflection error
of cutoff modes proportional to

-1

1
5+Zaj+dj

=0

and hence it is required to employ small parameters to achieve a desirable ac-
curacy, which in turn needs small finite element meshes.

In the next example, we consider the problem for k = 107 + 107%, where
a near-cutoff mode of axial frequency uy = 0.0079 with N = 10 is involved.
In this case we choose ag and ag to be —iuy for removing the reflection of the
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Figure 7: Relative errors of finite element approximations satisfying the CRBC for h =
1/100, 1/200, 1/400, 1/800, 1/1600 and 1/3200 when k& = 107 4 10~6.

nyp Pp Ne efﬂwﬂépe Ny Pp Ne e_f“”l‘spe
2 [2.09e-02 [ 2 [ 1.53e-03 2 ] 2.60e-01 | 1 | 5.90e-03
3 | 219-04 | 4 | 3.38-05 3 1936e-02 | 1 | 2.04e-02
4 1230006 | 6 | 9.48¢-07 4 337e-02 | 1 | 3.33e-02
5 | 2.41e-08 | 9 | 3.67e-09 o | 1.22e-02 | 2 | 2.01e-03
6 | 2.52e-10 | 11 | 1.54e-10 6 | 4.38¢-03 | 2 | 2.94e-03
7 | 1.58e-03 | 3 | 2.47¢-04
8 | 5.69e-04 | 3 | 3.43e-04
9 | 2.05e-04 | 4 | 3.45e-05
10 | 7.40e-05 | 4 | 4.63e-05
(@) pmin = UN—1 = 13.6939 (b) Hmin = pn & 0.0079

Table 4: Reflection errors of CRBC when k = 107 + 105, § = 0.05 and jipmin = ANt1 =
14.3966.

near-cutoff mode and use py_1 for the lower bound of the min-max problem
(2.22)). The reason why we set two values ag and ag to be equal is that otherwise
the ratio @g/ag would be so big, for example ag/ag > un_1/pun =~ 1.72 x 103 as
un—1 =~ 13.69, that the bound of the second estimate of would become
large and render the stability constant of the auxiliary variables in worse,
which consequently would result in slow convergence. The resulting reflection
errors of CRBC with —ipx as a parameter for each n, are reported in Table FI_EI
When they are compared with the results given in Table [4b] with px used
for the lower bound of the min-max problem [2:22] the former is apparently
much smaller than the latter for each n,. Figure [7] demonstrates the quasi-
optimal convergence of finite element approximations until finite element errors
are dominant.
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