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ABSTRACT. In this paper we study fractional Sobolev spaces characterized by a
norm based on eigenfunction expansions. The goal of this paper is twofold. The
first one is to define fractional Sobolev spaces of order —1 < s < 2 equipped
with a norm defined in terms of Neumann eigenfunction expansions. Due to
the zero Neumann trace of Neumann eigenfunctions on a boundary, fractional
Sobolev spaces of order 3/2 < s < 2 characterized by the norm are the spaces
of functions with zero Neumann trace on a boundary. The spaces equipped
with the norm are useful for studying cross-sectional traces of solutions to the
Helmholtz equation in waveguides with a homogeneous Neumann boundary
condition. The second one is to define fractional Sobolev spaces of order —1 <
s < 1 for vector-valued functions in a simply-connected, bounded and smooth
domain in R2. These spaces are defined by a norm based on series expansions
in terms of eigenfunctions of the vector Laplacian with boundary conditions of
zero tangential component or zero normal component. The spaces defined by
the norm are important for analyzing cross-sectional traces of time-harmonic
electromagnetic fields in perfectly conducting waveguides.

1. INTRODUCTION

This paper deals with fractional Sobolev spaces characterized by a norm based on
eigenfunction expansions associated with the scalar Laplacian and the vector Lapla-
cian on bounded and smooth domains. There are many ways to define a norm in
fractional Sobolev spaces, which is equivalent to each other, such as Fourier trans-
formation, Slobodeckij semi-norm or interpolation method [I7]. Among others,
the formula of the norm presented in this paper is useful for studying a fractional
Laplace operator [3] and, in particular, for series representations of solutions to
the Helmholtz equation and the Maxwell’s equations posed in waveguides because
their traces on cross-sections of waveguides can be written as series expansions in
terms of cross-sectional eigenfunctions of the scalar Laplacian [2, [13] [14] and the
vector Laplacian [, [I2]. They are also utilized importantly to define the Dirichlet-
to-Neumann operator [IT], 18] and the Electric-to-Magnetic operator [I2] crucial to
understand radiating solutions for wave propagation problems.

Let Q be a bounded and smooth domain in R?, d = 2 or 3. We use usual notations
for Sobolev spaces, for example, L?(Q) is the set of square integrable functions on
Q and H*(Q) for k positive integer is the subspace of L?(2) of functions whose
derivatives up to the k-th order are square integrable as well, with H°(Q) = L?(Q).
We denote the L2-inner product on Q by (-, -)q and the H!-inner product by (-, )1 q-
In addition, H~* (92) represents the dual space of H!() with the pivot space L?(€2),
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and (-,-)1.o denotes the duality pairing between H~1(Q) and H'(Q). Fractional
Sobolev spaces H*(Q2) of order 0 < s < 1 can be defined by the real interpolation
[5l [15]

H*(Q) = [H°(), H'(Q)];
and their norms are defined by

> 1/2
(1.1) [ull @) = Cs ( / K(wt,HO(m,H1<m>2t—2s—1dt)
0

with Cs = y/2sin(ws)/m and

Kt H(Q) (@) = | inf (=Bl + 101 )2

Also, H(2) for —1 < s < 0 and H*(Q) for 1 < s < 2 are defined as
H(Q) = [HY(Q), H*()]s_1, 1<s<2,
H(Q) = [H (), H()]s41, —1<s<0

with norms defined analogously to . For simple presentation, let H*(2) =
H*(Q) for s > 0 with #°(Q) = L2() and H*(Q) = H*(Q) for s < 0.

It is worth beginning with a review on a result in [3] related to the main goal
of this paper but for Dirichlet boundary value problems. For Dirichlet boundary
value problems, the interpolation space

Hy () N H*(), 1<s<2,
H*(Q) := < [L3(Q), H(Q)]s, 0<s<1,
[H1(Q), L*(]14s, —1<5<0

is importantly used for regularity estimates. Here H}(Q) is the subspace in H(Q) of
functions with zero Dirichlet trace on 9Q and H () is the dual space of H}(Q).
In [3], it is shown that for a complete orthonormal basis {V,}52; consisting of
Dirichlet eigenfunctions associated with eigenvalues pu,,, the interpolation space is
identical with a space defined in terms of a norm based on Dirichlet eigenfunction
expansions. More precisely, the space H () of functions u = >~ | u, V,, satisfying

- 1/2
(1.2) [ull sy = (Z(l +Nn)s|un2> <0

n=1
coincides with the interpolation space H*({2) and their norms are equivalent.

The aim of this paper is twofold and it is a development of similar results for
the Neumann Laplacian and the vector Laplacian. The first main result for the
Neumann Laplacian is as follows: let {V;,}52, be a complete orthonormal basis
consisting of Neumann eigenfunctions pertaining to eigenvalues A,. We introduce
a space H*(Q) of functions u = 370 u,,Y,, satisfying

oo 1/2
T () = (Z(l + /\n)slunl2> <0

(1.3) [[ul

n=0
for —1 < s < 2. We will show that for —1 < s < 1 the space H‘S(Q) is identical
with the interpolation space H*(2), and the norm of H? (Q) coincides with the
norm (analogously defined for —1 < s < 0). In case of 1 < s < 2, the analysis
for H*(€2) is more involved, since Y;, has zero Neumann trace on 982, {V;,}52 is not
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dense in H*(Q) for 3/2 < s < 2 and hence H*(12) is a proper subspace of H*(Q). In
this case, we restrict H°(£2) to a subspace of functions with zero Neumann trace on
0f), then it turns out that two spaces are identical and the norms are equivalent.
More precisely, let H2 () be a subspace of functions with zero Neumann trace on
9Q in H?(Q) and define an interpolation space Hs(Q) = [H1(), H2(Q)]s—1 for
1 < s < 2. Then we can show that two spaces H? (€2) and 7-{,5((2) forl1 <s<2
coincide and the norms are equivalent. The space H2 () is well-analyzed in [9] [16],
showing that H5(Q) = H5(Q) for 1 < s < 3/2 (and so H*(Q) = H*(Q)) and
HE(Q) = {u € H(Q) : Ju/ov =0 ondN} for 3/2 < s < 2. For s = 3/2,
functions in 2(Q) has a Neumann trace which vanishes on 02 in a special sense.

The second part is devoted to studying fractional Sobolev spaces of order —1 <
s < 1 consisting of vector-valued functions related to the boundary conditions
of zero tangential component or zero normal component in a simply-connected,
bounded and smooth domain @ C R2. These spaces can be defined by a norm
based on eigenfunction expansions for the vector Laplacian supplemented with zero
tangential component or zero normal component on 92 for the essential boundary
condition. It can be found in [I, 12] that they play an important role for an
analysis of time-harmonic electromagnetic wave propagation in perfectly conducting
waveguides in R3.

The remaining part of the paper is composed of two sections. In section 2 we
will analyze fractional Sobolev spaces H*(Q) for —1 < s < 2 based on Neumann
eigenfunction expansions. It will be shown that they coincide with H*(Q2) for —1 <
s < 1and HE(Q) for 1 < s < 2 and their norms are equivalent. The result
is established thanks to a standard spectral theory [19] of a compact self-adjoint
operator and the real interpolation technique [5l [I5]. In section 3 we will study
fractional Sobolev spaces of order —1 < s < 1 for vector-valued functions in 2.
Here we start with eigenvalue problems of the vector Laplacian and follow the same
lines as those in section 2 to obtain a characterization of the spaces and equivalent
norms based on eigenfunction expansions. In each section, we provide an analysis
for cross-sectional trace operators in waveguides as an application of fractional
Sobolev spaces equipped with the norms based on eigenfunction expansions.

2. FRACTIONAL SOBOLEV SPACES FOR NEUMANN BOUNDARY VALUE PROBLEMS

In this section we will define fractional Sobolev spaces of order —1 < s < 2 asso-
ciated with Neumann boundary value problems in a bounded and smooth domain
Q CR? d=2or 3. We first consider the Neumann Laplacian in the weak sense
and define a solution operator pertaining to the Neumann Laplacian. Since the
solution operator is continuous, compact and self-adjoint, the spectral theory [19]
comes into play for series expansions of functions in terms of Neumann eigenfunc-
tions. The main idea of this section is one used in [3]. Some of the analysis are
somewhat elementary but we will provide them for completeness.

2.1. Preliminaries. We first introduce £ : H(Q2) — H () associated with the
Neumann Laplace operator defined by

(L(u),v)1.0 = (Vu, Vv)g + (u,v)q = (u,v)1,q for all u,v € H'(Q),
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which is continuous from H*(€2) to H~'(€2) and satisfies || £(u)||%-1(0) = [|ullx (0)-
The dual space H () of H!(£) is equipped with the standard operator norm

Fa¢ ,Q
(2.1) |Fllorq = sup  \20ha
ozecr () 18l )

for F € H™1(Q). Also, due to the Lax-Milgram lemma, we can define the solution
operator

T:H Q) = HY(Q) CcH Q)
by T(F) for F € H~1(Q) satisfying
(2.2) (T(F),v)1.0 = (F,v)1q forallveH (Q).

It is obvious that LT = Iy;-1(q) and TL = Iy (q).

Now, by using the solution operator 7, we can define the inner product (-, -)_1,0
in H=H(Q) by (F,G)-1,0 := (F,T(G))1,q for F,G € H~'(Q). By the definition of
the operator 7T, it holds that

(2.3) (F,G)-1,0 = (T(F), T(G)1,0-

The norm of H~!(Q) induced from the inner product (-,-)_1.o coincides with the

operator norm (2.1f),
1/2
|Flls-1(0) = (F.F) 2o

2.2. Orthonormal bases of Neumann eigenfunctions. We consider the Neu-
mann eigenvalue problem of —A,

—AY = )Y in Q,
2.4
24 B—Y =0 on 09,
v

where v stands for the outward unit normal vector on 0f). It is well-known, e.g. in
[0, [7], that there exist non-negative real eigenvalues A, such that

O=X <A1 <A<

and \,, — 00 as n — 0o, and eigenfunctions Y,, € L?(f2) associated with ), which
form an orthonormal basis in L?(12).

In the sequel, we discuss complete orthonormal bases consisting of eigenfunctions
of T as an operator defined in three different spaces H~1(Q), H°(Q2) and H!(9).

Lemma 2.1. The operator T is a continuous and compact operator from H~1(£2)
to H=Y1(Q) satisfying

1T ()10 < 1 Flln-1(0)-
Proof. We use the continuous embedding of H!(Q) into H~1(Q) and (2.3)) to obtain
IT(E) -1 < NTE) @) = 1F17-10)-

Also, since H!(£2) is compactly embedded in H~1(Q), T : H~1(Q) — H1(Q) is
compact. O

Lemma 2.2. The linear map T : H=1(Q) — H~L(Q) is self-adjoint with respect to
(’7 ')—1,9-
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Proof. The proof proceeds with repeated use of definitions of the inner product in
H () and the operator T as follows: for F,G € H~1(Q),

(T(F),G)-1.0 =(T(F), T(G))r,a = (T(F), T(G))a
=(T(G), T(F))a =(T(G), T(F))10
= (T(G),F)-1,0 = (F,T(G))-1,0
which shows that T is self-adjoint. O

Lemma 2.3. There exists an orthonormal basis {Y,}22, with respect to (-, )10
consisting of eigenfunctions of T : H™1(Q) — H~1(Q) associated with eigenvalues
M o= (14 X)L, that is, T(Y,) = (1+ M) "1Y,,.
Proof. The existence of an orthonormal basis consisting of eigenfunctions 17” of T
in H~1(Q) is established by the Hilbert-Schmidt theorem in the spectral theory [19]
as T is continuous, compact and self-adjoint in H~1() proved in Lemma and
Lemma 2.2 N

To show that eigenvalues 7,, of T are of the form 7, = (1 + \,)~!, let Y;, be an
eigenfunction for an eigenvalue 7,,. Then it holds that

(T(Y,),0)1.0 = (Yn,v)1,0 for all v e H(Q)
by the definition of 7. From the fact that 7(Y,) = 1,Y, € H(Q) it follows that
(Yo, 0)1.0 = (Yo, 0)q  for all v e HY(Q).

Now it can be written as (VY,,Vo)g = (n;! — 1)(Yn,v)q for all v € H1(),
which reveals that 7, satisfies A, = ;! — 1 for an eigenvalue ), associated for the
Neumann eigenfunction Y,,. (Il

Lemma 2.4. Let Y, = (1+ \,)"Y2Y,,. Then {Y,}2, is a complete orthonormal
basis of H° () with respect to the L-inner product (-,-)q consisting of eigenfunc-
tions of T : H°(Q) — HO(Q).

Proof. We first observe that
Smn = Yoy Yn)o1.0 = Yo, T(Ya))1.0
= (Yo, 14+ 2) W10 = (1+ M) " (Yin, Yoo,

from which it follows that f/n is orthogonal with respect to the inner product (-, -)q
and ||}~’n||H0(Q) = (1 + \,)Y2. Since Y, is an eigenfunction in H(Q) of T and
{Y,}52, has all eigenfunctions of the continuous, compact and self-adjoint operator
T : HO(Q) — HO(Q), {V,}52, is a complete orthonormal basis of H?(Q). O

Lemma 2.5. Let Y, = (1+ A\,)~Y2Y,,. Then {Y,,}22, is a complete orthonormal
basis of H' () with respect to the H'-inner product (-,-)1,q consisting of eigenfunc-

tions of T : H*(Q) — H' ().

Proof. Tt is clear that Y, are eigenfunctions of 7 in #!(Q). Also, ¥;, are orthonor-
mal with respect to (-,-)1,0. In fact, by utilizing (2.3 we are led to

(YAVmaYAVn)l,Q = (Td;m)aT(i;n))LQ = (FYVVmai;n)fl,Q = 6m,n~
For completeness of {V;,}22, in H'(Q), we choose any u € H'(2) and suppose that
(}/}THU)LQ =0 foralln=0,1,2,....
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Then by the definition of T, we have
0= (Yo, u)r0 = (1+X)(T(Ya), w10 = (1+ ) (Y, u)1,0
= (14 X0) (Y, w) = (14 M) 2 (Yo, w)a
Since {Y,,}5%, is dense in H°(Q), it follows that w = 0, which establishes the
completeness of {Y,,}° ; in H!(€). O

2.3. Fractional Sobolev spaces HS(Q) of order —1 < s < 1. In this subsection,
we study fractional Sobolev spaces H*(2) of order —1 < s < 1 characterized by
a norm based on series expansions in terms of Neumann eigenfunctions in H°(€2).

We recall
H(Q) ={u=> unVn : |Jullygq < oo}
n=0

with the definition (L.3) of ||-[|5;.(q)- We note that fractional Sobolev spaces H5(Q)
of order —1 < s < 2 can be interpreted as interpolation spaces. The following lemma
can be proved as in [5, Appendix B].

Lemma 2.6. The fractional Sobolev space He (Q) is interpreted as an interpolation
space

HY(Q), HA(Q)],, l<s<2
HI(Q) =< [HO(Q), HI(Q)], 0<s<l,
(HHQ), HO(Q)],,, —l<s<O.

The main result of this subsection is that #*(£2) is identical with the interpolation
space H?(Q2) and the norm coincides with the norm (with analogous one
for —1 < s < 0). We begin by comparing these spaces of order s = —1,0, 1. Clearly,
every F' € H(Q2) has a series representation in terms of the orthonormal basis Y,
in HO(Q), F = >0  (F.Y,)qY, and the norm in H%(Q2) is given by Parseval’s
identity

o0

11 = 32 1B Vol = 1P B

which means that #°(Q) = H°(Q) with the same norm.
The first lemma is concerned with the identification of #~1(2) with the Sobolev
space H ().

Lemma 2.7. It holds that H~*(Q) = H~'(Q). In addition, for F € H~1(Q),
(2.5) 1Ell-10) = IFlln-1(0)-

Proof. For F € ’H’l(Q) with F = >~ | F,Y,, the relation Y,, = (1 + /\wz)71/2}~/7L
leads to a series expansion of F'

(2.6) F=) (1+ )" Y2E,Y,
n=0

n=0

An) "HE,|? < oo, the series (2.6) converges in H~1(Q2) and hence F € H~1(1).

. . . . 1 . 2 _ [e'e)
in terms of the orthonormal basis in H~1(€). Since ||F||H_1(Q) = > "1+
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Conversely, since {Y,,}5%, is a complete orthonormal basis of #~1(Q), every
F € H71(Q) has a series representation

(2.7) F= Z(F, ?n)fl,ﬂi}n
converging in H~1(Q) and its norm is evaluated by Parseval’s identity,
(2.8) IF13 1 (@) Zl (F,Ya) 1.0l

Now, we note that by the definition of the H~!-inner product (-,-)_1.0

(F,Yn)-1,0 = (F,T(Ya)1.0

(2.9) _
= (F,(14+ X)) Wo)ia =1+ M) V2HE V)0

Noting that Y, = (14 \p)Y/?Y,,, we substitute (2.9) into and (| . ) to show
that F =3 07 (F,Y,)1,0Y, and

oo
‘|F||’2;:L—1(Q) = Z(l + /\n)_1|<Fa an>1,ﬂ|2 ”FHH 1) < 00,
n=0
which implies F € H~'(Q) and (2.5). O

The next lemma is the result for H!(£2) analogous to the preceding lemma.
Lemma 2.8. It holds that H'(Q) = H'(Q). In addition, for F € H' (%),
(2.10) 1E .0y = IF [l -

Proof. For F € H'(Q) with F = Yoo o FuYy, the relation Y, = (1 + An)/2Y,,
allows us to have a series expansion of F

(2.11) F=Y (1+ M) PF.Y,
n=0
in terms of the orthonormal basis in H!(€2). Since HF||HI(Q =3 (M) | Fa? <

o0, the series (2.11)) converges in H!(Q) and hence F € H ().
Conversely, since {Y,,}5° is a complete orthonormal basis of H!(), every F €
H'(Q) has a series representation

o0

(2.12) F=>Y (F.Y.)10Yn

n=0

converging in H!(Q2) and its norm is given by

(2.13) 1F @) = D I(F Ya)ral

A simple computation by using the definition of 7 reveals that

(2.14) (F.Yo)e = (F,(L+X)2 T (V) = (1+ X)) V2 (F Vo).
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Since Y, = (1 4 A,)Y/2Y,,, substituting ([2.14) into (2.12) and (2.13) results in the
eigenfunction expansion F =Y > (F,Y,)qY, and

1F N30 ) = D A+ X)IF Y)al® = [|Fl30) < oo
n=0
which shows F € H'(Q2) and (2.10). O

Now, we are ready to establish that #* () = H*(Q) and two norms coincide for
—1<s<1.

Theorem 2.9. It holds that H*(Q) = H*(Q) for —1 < s < 1. Furthermore, for
u € H3(Q),

HU||7-zs(Q) = [lull3:(0)-
Proof. Lemma shows that 7{_1(@) = H~'(Q) and two norms coincide. Also
Lemma gives the same result for H!(Q) and H!(Q). It is obvious that H°(Q2) =

H°(2) and two norms || - l30(qy and || - [[30(q) are identical. Consequently, the
result for —1 < s < 1 is obtained by the real interpolation technique [15],

Q) = @), HO )]s = Q) KOs = H(Q)
for -1 < s <0, and
HH(Q) = [HO(Q), H' Q) = [HO(Q), H Q)]s =H* ()
for 0 < s < 1. (Il

2.4. Fractional Sobolev spaces H*(2) of order 1 < s < 2. Since Y, has zero
Neumann trace on 92, {Y,,}5°, is not dense in H?(Q2). In order to study the spaces
spanned by Y,,, we recall the space H2(£2) that is a closed subspace of functions in
H2(Q) with zero Neumann trace on 99,

H2(Q) = {uecHA(Q) : Ou/Ov =0 on N},
and H2(Q) = [HY(), H2(Q)],_1 for 1 <5 < 2.

Remark 2.10. It is shown in [9 06] that HE(Q) = H(Q) for 1 < s < 3/2,
however, H () for 3/2 < s < 2 is the subspace of functions in H*() with zero
Neumann trace on 0. Since HE(Q) for3/2 < s < 2 is closed in H*(2), two norms
I3 (@) and || - I35 () are equivalent to each other. For s = 3/2, the space H;, ()

is the set of functions u in H*(Q) characterized by the condition p(z)~/?|Vu| €
L2(2), where p(x) is the distance from x to the boundary 99, but we remark that

?/2(9) is mot closed in H3'%(Q) (see also [15]).
Lemma 2.11. It holds that H*(Q) = H2(Q) with equivalent norms.
Proof. Noting that for u € H2(Q) and v € H'(Q2),
[(L(u), v)10] = [(Vu, Vo)a + (u,v)a] = [(=Au + u, v)o| < Cllullzz@ vllxe @

due to zero Neumann trace of u on 92, we see that £ : H2(Q) — H°(Q2) is bounded
and

(2.15) 1£(w)]|no) < Cllullpz)-
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Now, we shall show that [|£(u)|#o) = ||lullzz2(q), from which together with ([2.15)
it follows that

(2.16) lull ey < Cllullse.

Let u = Y 07 ju,Y, € H2(Q) (converging at least in H°((2)). Since L(u) is in
HO(Q), we can find a series expansion of £(u) in terms of the orthonormal basis
{122 in HO(Q). To do this, we observe that due to zero Neumann trace of Y,
on 0N

(L), Y)o = (Vau, V¥i)a + (4, Yi)o = —(u, AY,)a + (4, Ya)o = (An + D,

which implies that £(u) = > ° (14 A, )u,Y,. Therefore we can obtain the desired
equality

I£(w)ll300) = 1Y (1 + M) Yallaoi) = [l 0)-
n=0

oo Un Yy, satisfy-
3{2(9) = >0 o (1+A0)? un|? < oo, we first assert that —Au = > >°  Xp,up Y.
Indeed, let G := Y "  A\pu,Y,, which is in HO(2). Since the partial sum U,, =
S o unY, converges to u in HY(Q) and —AU,, converges to G in H°(Q), it can
be shown that —Au = G. Now the regularity theory for the Neumann boundary
value problem, e.g., [10] shows that

Conversely, for u € H?(Q) having the series expansion, u = 3
ing [[ull

(2.17) ullz0) < Cll = Au+ ullyo) = Cllullyzq)-
As a consequence, two inequalities (2.16)) and (2.17) establish the equivalence of
two norms and show that two spaces H2(Q2) and H?(f2) are identical. O

Theorem 2.12. For 1 < s < 2, it holds that H*(Q) = H3(Q) with equivalent
norms.

Proof. By Lemma and Lemma we have H'(Q) = H'(Q) and H3(Q) =
H2(Q) with equivalent norms. The real interpolation completes to show that
HE () = HE () for 1 < s < 2 and their norms are equivalent. O

2.5. Application to a cross-sectional trace estimate in waveguides. Let 0
be a bounded domain in R¢ for d = 2 or 3 such that with a bounded and smooth
Q c R 1! and a constant L > 0,

Qn{(z,y) eRxR¥T : > L} =(—L,0) x N

and 90N {z < 0} is smooth, which is a typical geometry of semi-infinite waveguides
truncated at x = 0. We denote I'g := {0} x @ and T, := a0 \ Ty for mutually
disjoint parts of the boundary of Q. In this subsection, we examine a cross-sectional
trace estimate of functions whose normal derivative vanishes on I'y. The cross-
sectional trace estimate in terms of the norm based on eigenfunction expansions is of
importance in analyses of acoustic and polarized electromagnetic wave propagations
in waveguides [2, [II]. We introduce a trace operator vy(u) = ulr, for u € H(Q)
with 1/2 < s <2.

~

Theorem 2.13. If u € H*(Q) for 1/2 < s < 2 satisfies Ou/Ov = 0 on Ty, then
~v(u) is in HZ_1/2(FO) and satisfies

(2.18) Y (@llge-172(00) < Clltllyg @y



10 SEUNGIL KIM

Proof. Since H*~1/2(Ty) = H51/2(Iy) for 1/2 < s < 2 as seen in Theorem
Remark and Theorem is a standard trace inequality. So we are
left with only the case of s = 2.

For s = 2, we note that H3/2(Iy) = H3/2(F0) is a strict subspace of H%/2(Tg)
with a finer topology. In this case we prove directly the trace inequality by following
the idea as that used in [I7]. To do this, let Qg = QU UQ*, where Q* is the
domain obtained by reflecting Q in the y-space and we define an extension operator
E:H2(Q) — H2(Qp) by E(u) = @ for u € H2(Q):

u(z,y) for (z,y) € Q,
11(.’137 y) = (alu(_xa y) + G2U(_2=’C7?J))77(x) for (xay) € &2* and 0 <z <L
0 for (z,y) € Q* and z > L

with a; +a2 = 1 and —a; —2as = 1, where 7 is a smooth cutoff function that is one
near Iy and zero for x > L/2. Clearly, the extension @ is in H2(Qg) and satisfies
lallseas) < Cllvlleney,

Now, we will show that for v € C°(Qp)

(2.19) V() sz oy < Cllollrez ),

where C2°(Qp) is a subspace of smooth functions u in C°°(Q) such that dv/dv = 0
on 9N g. Once we have it, the desired trace inequality immediately follows from the
density of C2°(Qg) in H2(Qr) (see Appendix) and the bounded extension operator
E: H%(ﬁ) — H2(Qp). To prove let v € C°(Qg). By using a cutoff function
x of & which is one for |z| < L/2 and vanishes for || > L, we have the zero extension
0 of xv|(—r,Lyxq t0 Qoo := R x Q such that [|9l32q.) < Cllv]|y2(qp)- Also, it has
a series representation

- éwmw - i ( / f(«vn)(g)e—iffdf) Ya()

for (z,y) € R x Q, where F(9,,) is a Fourier transform of ¢,,. Here we note that
the derivative of © with respect to x can be interchanged with the infinite sum.
Indeed, let ¥ (z) = (00/0x(x,-), Y, )a be the n-th Fourier coefficient of 90/0x. For
any ¢(z) € C§°(R), by integration by parts

/R b(@)o(e / / 8, ) 52 (@) V) dyda
-~ [ nia @(x)dx: L ()p(w)de,

which shows that ¢ = dv,,/dx and hence

v = diy,
500 = X G,
The same argument gives the same result for the second derivative of v with respect
to x,
%o o d?D,
ﬁ(x,y) = W(x)Yn(y).

n=0
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Therefore, by Fubini’s theorem and the monotone convergence theorem together
with Theorem 2.9 and 2.12] we can show that
(2.20)

32
0By = | 15 Wiy + 15 0 ey + 5 ) By

/Z M)+ (A @2 410 )

-y (@ a2 o nR + e @ O e

v

I .
3 2 [ (L A+ ()1 F () (€)Pde
2 n=0"R
Now, we shall examine the n-th coefficient of v(v), which is given by
o)) = / Fi
R

- / (L4 A+ JE2) 1L+ A + €2 F () (€)dE.

We apply the Cauchy-Schwarz inequality to show that

|(v(@)al* < /R(1+An+ |£|2)_2d£/R(1+An+|§|2)2\f(17n)(£)\2d£~

Since a change of variables leads to

9 -2
2\—2 _
/R(1+>\n+|§|) d¢ = +/\n <1+ 1+A>> d¢

1+ X)732 [ (1 +12)72dt,

%\

we have that
(14 2)*2|(y(0))n]? < C/R(l + A+ 172 F (B0) (6) PdeE
and hence by (2.20))
) ey < €3 [ (1 0+ €@ @) e
n=0
< Clolfeon) < Cllvlter):

which completes the proof. ([

3. FRACTIONAL SOBOLEV SPACES OF VECTOR-VALUED FUNCTIONS RELATED TO
ZERO TANGENTIAL COMPONENT OR ZERO NORMAL COMPONENT

In this section, for a simply-connected, bounded and smooth domain 2 C R?, we
study fractional Sobolev spaces of vector-valued functions related to the boundary
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condition of zero tangential component or zero normal component in €. To do this,
denoting H'(Q) = (H'(Q))?, we define

H.(Q):={uc H(Q) : v-u=0 ondQ},

Hy(Q):={uc H(Q) : v -u=0 ondQ},
where v+ = Rv with R rotation by —90°. Hereafter we will use boldface to
represent vector-valued functions or operators/spaces of vector-valued functions.
Let H;'(Q) and Hy'(Q) be the dual spaces of Hy(Q) and Hy () with the pivot
space L?(Q), respectively. Their duality pairings are denoted by (-, 1,70 and
{-,)1.8.0- The operator norms in H:(Q) are given by

|(F, )10
(3.1) |Flgr iy = sup oo
0#£ve H: () ||”||H1(Q)

where * stands for 7" or N. We define intermediate spaces by the interpolation

_ [ [E(Q), H(Q), 0<s<L,
=@ ={ {50, B, 12020
with * =T or * = N. The duality pairing between H, *(2) and H; () is denoted
by (-,-)s+0. We will characterize the interpolation spaces in terms of a norm

based on series expansions of eigenfunctions with zero normal component or zero
tangential component of the vector Laplacian.

3.1. Eigenvalue problems of the vector Laplacian. Let us consider the eigen-
value problems for the vector Laplacian defined in Q C R?,

—VV . u+ ViVt u=nu inQ,

3.2
(3:2) v-u=0 and V' -u=0 ondQ,
or

—VV - -u+ ViVt u=nu inQ,
(3.3)

vt u=0 andV-u=0 on R,
where V4. and V* are scalar- and vector-curl operators defined by
V' u=V-Ru and V'u=RVu,

respectively. The first eigenvalue problem seeks for eigenfunctions with zero
normal component. In contrast, the second eigenvalue problem treats eigen-
functions with zero tangential component. These two types of eigenfunctions play
an essential role in studying a series representation of time-harmonic electromag-
netic fields in perfectly conducting waveguides. In particular, eigenfunctions with
zero normal/tangential component are useful to represent cross-sectional traces of
electric/magnetic fields in a series form, respectively [12].

We note that weak solutions to the problem and belong to the spaces
H(curl, Q) N Hy(div, ) and Hy(curl,2) N H(div, §2), respectively. Since 2 is as-
sumed to be smooth, a regularity theory, e.g., in [§] shows that

H,(Q) = H(curl,Q) N Hy(div, Q) and Hy(Q) = Hy(curl, Q) N H(div, Q)

with equivalent norms in the space identities. Thus the spaces Hy.(Q2) and Hy ()
can be equipped with norm

e o) = llulzq) + IV - 20y + IV - ull72(q)
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for u € Hy () or Hy(Q).

3.2. The space H7(f2) for —1 < s < 1. The eigenvalue problem (3.2) is reformu-
lated to a weak form in the solution space Hy(Q): finding n € R and u € Hy(Q)
such that

(3.4) A(u,v) := (V-u,V-v)q+ (V' u, V- v)g = n(u,v)q for all ve Hn(Q).

By the Helmholtz decomposition [§], eigenfunctions u and test functions v in Hi(£2)
can be decomposed into

u=VY +VV and v=VU + V',

where V,® € H}(Q) and Y, ¥ € H(Q) with 9Y/dv,0¥/0v = 0 on 0.

Now, noting that the set of Dirichlet eigenfunctions V,, for eigenvalues p,,, n =
1,2,... is dense in Hg(Q) and L?*(Q) as shown in [3], by taking test functions
v=V=*V,, we see that

(=AV, Va)a =n(V, Va)a
from , which implies that V is a Dirichlet eigenfunction and 7 is a Dirichlet
eigenvalue. In such a case, since A(V*V,V¥) = 0 and (V*V,V¥)q = 0 for all
U € HY(Q), we have A(V*V,v) = n(V>V,v)q for all v € H}(Q), which shows
that V-V, and p, for n > 1 are eigenpairs of the eigenvalue problem .
On the other hand, at this time we use the fact that the set of Neumann eigen-

functions Y,, for eigenvalues A\,, n = 0,1,... is dense in H'(Q) and L*(Q) shown
by Lemma [2.5] and Lemma [2.4] and take test functions v = VY,, to obtain that

(7AY’, Yn)Q = 77(Y, Yn)Qa

from which it then follows that Y is a Neumann eigenfunction and 7 is a Neumann
eigenvalue except for = 0. Since A(VY,V+®) = 0 and (VY,V*®), = 0 for
® € H}(Q), it can be shown that VY, and ), for n > 1 are eigenpairs of the
eigenvalue problem . As a conclusion, we have the following proposition.

Proposition 3.1. The complete set of eigenvalues of the problem is given
by {52, U {un}se,, the set of non-zero Neumann eigenvalues and Dirichlet
eigenvalues of the Laplacian, and their corresponding eigenfunctions are {VY,}2
and {V*+V,}o2 .

We can develop the same theory as done for the Neumann Laplacian in the
preceding section. We start by defining Ly : H-(Q) — H;l(Q) pertaining to the
weak vector Laplacian by

(Ly(uw),v)1,70=(V-u,V-v)g+ (VL s, V- v)a + (w, ) = (4, v)1,0

for u,v € Hy(Q). For the sake of simplicity, we abuse the notation (-,-); o for the
HI(Q)—inner product of vector-valued functions but it can be clearly distinguished
from the H'(Q)-inner product of scalar-valued functions from context. Due to
the Lax-Milgram lemma, its inverse operator Ty : Hy'(Q) — Hp(Q) is also well-
defined by

(T7(F),v)1.0 = (F,v)11rq forall ve Hy(Q)

for F € H}l(Q) By using the inverse operator Tr, the inner product (-,-)_171.0
in H;'(Q) can be defined as

(F, G)_LT’Q = <F, TT(G)>17T7g2 for F, G e HEI(Q),
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which induces the same norm as the operator norm (B.1)) and makes Ty : H,'(Q) —
H.(Q) an isometry,

(F,G)_110 = (Tr(F),Tr(G))1o forall F,G < H:' (Q).

Then Ty : H;' (Q) — Hp(Q) C Hp'(Q) and Ty : L*(Q) — Hp(Q) C L*(Q) are
continuous, compact and self-adjoint operators in H;l(Q) and L*(Q), respectively.
In addition, {(1+ A\,)7Y, (14 u,) "1}, is the complete set of eigenvalues of T
for eigenfunctions VY, and V1V,,. It brings the following result.

Lemma 3.2. Let Y, be orthonormal Neumann eigenfunctions in L*(Q) of the
Laplacian for eigenvalues A\, and V, be orthonormal Dirichlet eigenfunctions in
L?(Q) of the Laplacian for eigenvalues ji,,. We also denote Y, = )\T_Ll/QVYn and
V,LL = Mﬁl/QVan form=1,2,....
(1) The set {Y ,,, V=122, is a complete orthonormal basis consisting of eigen-
functions to the problem for L*(Q).
(2) The set {(14 M)~ Y2Y ,, (1 + pn) 2V 2} is a complete orthonormal
basis consisting of eigenfunctions to the problem for HL-(S).
(3) The set {(14+Xp)2Y 1, (14 p1) 2V 2122 | is a complete orthonormal basis
consisting of eigenfunctions to the problem for H;l(Q)

Proof. Every assertion in this lemma except for normalization of eigenfunctions can
be proved by the same way as in the previous section based on the spectral theory.
Normalization is also easily verified by computing norms of eigenfunctions,

”VYnH?:?(Q) = (VYm VYn)Q = (_AYmYn) = An,
||VYn,|\§,1(Q) = (AY,,, AY,))a + (VY,, VYo = M (1 + Ay,
I9¥2 21 gy = T (VY2 = Ml + An)
and the same calculations for V,, with \,, replaced by p,. O
Theorem 3.3. The interpolation space Hp(Q), —1 < s < 1, is the space of func-
tions F =" | A, Y, + B, V- satisfying

o0

) = O (14 X)°[An* + (14 110)°[By|* < oo

n=1

1F]

Proof. The case for s = 0 is obvious since Y, and Vi form an orthonormal basis
~ ~L
of L*(Q). For s = —1, let Y,, = (1 + \,)"/2Y, and V,, = (1 + p,,)"/? V. Since
~ ol
{Y,, V,,}52 | is an orthonormal basis of H;'(Q) by Lemma any F € H;'(Q)
can be written as
~L

F=) A,Y,+B,V,.
n=1
Denoting A,, = (A, + 1)1/2;1" and B, = (pin + 1)1/2§n7 it can be shown that

F:iAnYnnLBnV,f

n=1
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and
1Py = SO 1A+ Bal? = SO + 1) A + (i + 1) Baf? < 0.
n=0 n=0

Similarly, by using the orthonormal basis {(1 4 A,)Y2 Y, (1 + pn)Y/2 VE}2 | of
HL(Q) we can derive the result for s = 1, that is Hx(Q) is the space of F =
S A, Y, + B, Vi satisfying

(oo}

1Py = S (4 Al Anl? + (14 )| Bal? < 0.

n=1
Finally, the other cases for —1 < s < 0 and 0 < s < 1 follow from the real
interpolation. (I

3.3. The space Hy () for —1 < s < 1. The eigenvalue problem ({3.3) is reformu-
lated to a weak form in the solution space Hy (Q): finding € R and u € Hy (Q)
such that

(3.5) (V-u,V-v)g+ (V' -u, VI v)g =n(u,v)q for all ve Hy(Q).

In this case, we use the Helmholtz decomposition in [4] showing that eigenfunctions
u and test functions v in Hp () can be decomposed into

u=VV+VY and v=Vo+ V5D,

where V,® € H}(Q2) and Y, ¥ € H'(Q) with 0Y/0v, 0¥ /0v = 0 on 9. The same
arguments as those used for the case of H7(€2) can be carried over without any
essential change. We summarize the results for Hy.

Proposition 3.4. The complete set of eigenvalues of the problem (3.3)) is given by
{1, U{pn}de,, the set of non-zero Neumann eigenvalues and Dirichlet eigen-

values of the Laplacian, and their corresponding eigenfunctions are {VLYn};'f’:1
and {VV,}>2 ;.

Lemma 3.5. Let Y, be orthonormal Neumann eigenfunctions in L*(Q) of the
Laplacian for eigenvalues A, and V,, be orthonormal Dirichlet eigenfunctions in
L%(Q) of the Laplacian for eigenvalues pi,,. We also denote Y,f = A;l/zlen and

V. zuﬁl/QVVn form=1,2,....

(1) The set {Y -, V,,}22, is a complete orthonormal basis consisting of eigen-
functions to the problem for L*(Q).

(2) The set {(14 M) Y2Y 5 (14 pn) "2V, }22, is a complete orthonormal
basis consisting of eigenfunctions to the problem for HA\(Q).

(3) The set {(14+X)2Y =, (14-pn)Y/2V 122, is a complete orthonormal basis
consisting of eigenfunctions to the problem for Hﬁl ().

Theorem 3.6. The interpolation space Hy(Q), —1 < s < 1, is the space of func-
tions F=Y"° | A, Y+ + B, V,, satisfying
oo

1Pl 0y = D (1 M) [Anf® 4 (14 pa)*| Bu < 0.

n=1
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3.4. Application to cross-sectional trace estimates in waveguides. For the
domain §2 introduced in Subsection with d = 3, we define

Hy(curl,Q) = {ue H(curl,Q) : v xu=0onT}}.

In this subsection, we will use the convenient norms based on eigenfunction ex-
pansions to analyze the cross-sectional tangential trace and tangential component
trace of vector-fields w € Hp(curl, ﬁ) on I'g (here I’y is identified with Q). These
cross-sectional tangential trace and tangential component trace are of importance
in studying electromagnetic wave propagation in perfectly conducting waveguides
[12]. To this end, we first study the regularity estimates for the divergence and curl
operators on the cross-sectional boundary I'y. Let

divp, : L*(Tg) — H~*(Ty) and curlp, : L*(Ty) — H (o)
be the surface divergence and curl operators in a weak sense defined by
(divr, @, ¢¥)—1,r, = — (@, Vy¥)ry,
(curlry @, ¥) —1,r, = (¢, Vfﬂ/))ro

for ¢ € LQ(I‘O) and ¢ € Hl(FO). Here the subscript y of the operators V, and

V;‘ is used to indicate that they are differential operators of the variable y on the

surface I'g C R2. Clearly, it holds that
(3.6) 1diveg @ -1 () < Dll2(ry) and [leurleg @y py) < Dllz2(ry)-

Now, the surface divergence and curl operators have the following regularity
properties.

Lemma 3.7. For 0 < s < 1, divp,¢ for ¢ € Hi(To) is in H*~*(T) and satisfies
(3.7) ||diVFo¢||7{s—1(ro) < ||

For —1 < s < 0, there exists a continuous extension divr, : Hp(To) — H*~1(To)
satisfying

(3.8) [dive, @l 3:-1rg) < @Ml 1)

where H*~1(Ty) is the dual space of H*~5(I).

H5.(To)-

Proof. Let 0 < s < 1. For ¢ € Hy(I'g) and ¥ € H'(T'y), by the definition of divp,
and integration by parts with the boundary condition v - ¢ = 0 on dI'y we observe
that

<diVFo¢’ 1p>1,1_‘0 = _(¢7 Vgﬂ/’)l“o = (Vy : gbaw)l—‘o = <V’L/ . ¢7¢>1,F07
which shows that divr,¢ = V, - ¢ is in H°(T) and divr, : Hn(To) — HO(Tp) is a
continuous operator satisfying

(3.9) ||diVFo¢||7-zO(r0) < @l ry)-

The real interpolation theory applied to (3.6) and (3.9) establishes ([3.7).
For —1 < s < 0, the operator divr, : L*(T'g) — H~!(I'g) can be extended to
H,'(T'y) by defining divr, : H;'(Ty) — H~2(Ty) by

<diVF0 P, 7vzj>2-,1ﬂo = 7<¢7 Vyw>1,T,F0
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for ¢ € H?(T), where H2(Ty) is the dual space of H2(Ty) = H2(To) and (-, a1,
is the duality pairing between H~2(Tg) and H?(I'g). For ¢ € H*(Ty) with ¢ =
5% o Un Yy, since 300 /A1, Yy, converges in L?(Tp) it can be easily shown that

n=1 n=1

and so Hvywﬁﬂ(ro) =y 1+ /\n))\7|¢n| < Hzﬁ”ip(ro). Thus, it is well-defined
since V1 belongs to Hy(Ty) for 1 € H?(T'y). Also, it is an extension since
(divr @, ¥)2r, = —(@, Vy¥)11r, = —(é, Vy)r,
for ¢ € L*(Ty).
By estimating the duality pairing
[{diveo@, )2rol < N1t 0oy IVu¥lla (ro) < N1t (o) [Pl 00

we can obtain that
: divp, @, V).
(3.10) ldive, @llyy sy =  sup  LVToParn]
ozverewe)  [Plzw,)

Finally, we use the real interpolation theory again to obtain (3.8]) from (3.6) and
(310). 0

< Hd’”H;l(FO)'

The regularity estimate of the operator curlp, can be obtained by using the same
argument as that used in the above lemma.

Lemma 3.8. For 0 < s <1, curlp, ¢ for ¢p € Hy(To) is in H (o) and satisfies

(3.11) l[eurlrg @l a1 (1) < Pl ar3, (ro)-

For —1 < s < 0, there exists a continuous extension curlp, : Hy(Tp) —
H3~Y (o) satisfying

(3.12) Jeurlry Bl ey < Il o,
where H*~1(Ty) is the dual space of H'~5(I).

By using the continuity of the operator divr, proved in Lemma for u =
S A, Y, + B, Vi € Hi'(Ty) , we have then

3.13 divp, u = divp, (A, Y, + B, Vi) = VAN ALY,,
0 0 n
n=1

n=1

which converges at least in H~2(Ig). Similarly, we use Lemma to obtain that
for u=3° A, Y+ + B,V, € Hy' (),

(3.14) curlp,u =Y curly, (An Yy + B, Vo) = > v/ AnAnYa,

n=1 n=1

which converges at least in H~2(Iy).
For w € Hy(curl, ) we define v,(u) = v X ulp, and 7. (u) = v x (u x v)|p, for
the tangential trace and tangential component trace of u on I'y, respectively. We
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also define the spaces of three dimensional vector-valued functions
H;'?(divr,,To) = {¢ € H7"/*(Ty) : divp,¢ € H~/2(T0)},
Hy'?(curlp,, To) = {¢ € Hy*(Ty) : curlp, ¢ € H/2(To)}

via the natural embedding ¢ : R? < {0} x R? C R®. The space Hy'/*(divr,,T)
for tangential traces can be characterized by the norm estimates analyzed in Theo-
rem and BI13): ue Ile/z(divFO, T'p) if and only if u has a series representation
u=>322 A,Y, + B, Vi satisfying

HU” 1/2(d1VF FO) = HU” 1/2( + Hdivf‘ou”?’;‘,l/z(ro)

= Z(l + A0 2 Anl? + (14 1) 2By < o0

Analogously, due to Theorem and (3.14)) the space H?VU 2 (curlp,,T'o) for tan-
gential component traces can be interpreted as a space equipped with the norm

el = s g+ ety wl

(curlp, 1"0) (To)

Z (14 M) Y2 A2 4+ (1 + pn) V2B, < 0

foru=3"" A, Yy + B, V,.

In order to investigate regularity estimates and continuity of the trace operators,
it is required to study liftings of functions in H%F/ *(T'y) and H3/2(Ty). The cylin-
drical geometry of waveguides allows to define liftings as shown in the following
lemma.

Lemma 3.9. For any ¢ € H/ (To) (understood as a vector-valued function in
R3 wvia the natural embedding 1) there exists ¢ € H'(Q) = (H'(Q))?® satisfying
olr, = ¢ and

11z @ < Clbl oz,

Also, for any ¢ € H3/2(Ty) there exists ¢ € H? (ﬁ) satisfying ¢|r, = ¢ and

Hé”ys(ﬁ) < C”Qb”?-lsfl/z(ro)
fors=1,2.
Proof. Let ¢ € HY. 1/2 (Do) begivenby ¢ = >~ | A, Y, +B, V. We denote a semi-

infinite cyhndrlcal domain with base by Q. = (—00,0) x Q. Each cross-section
at x = a of Q) for a < 0 can be identified with . Let us define

W(a,y) = Y (Ao (y) + Bae T VE))  in Qs

n=1

Fubini’s theorem enables us to estimate v in H' () as follows,

0 8’(#
B15) Wl = [ 196 e + I 5 @B
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By invoking Theorem [3-3] we obtain that

(316) (Mm@ = D0+ A AnZEVTTNT (14 g )| B, 262V TFe
n=0

for x < 0. For the second term in (3.15) pertaining to the derivative with respect
to , let 1,, be the partial sum of . Noting that for each < 0, (e2** is bounded
for all ¢ = T+ A\, or /T fin, Op,,/0x(x,-) converges in L*(Q2) for each z < 0,
that is

= (14A) 24 eY T Y (14 p) 2 B eV T Vi € BP(Q),
n=1

m—r o0

which implies that
=D (14 A) 2 AV Y+ (14 ) 2 BV v
n=1

and

aw > x T
(B17) 152 @ ey = D0+ M) An PPN (14 i) B2 T,

n=1

Now, substitution of (3.16)) and (3.17)) into (3.15) gives

0 00
%1130 00y = / (Z 2(1 4 Ap)|Ap eV HAnT 4 2(1 + un)|Bn|2e2mw> dx

—%° \n=1

and the monotone convergence theorem shows that

o0

8030y = D000+ M)A + (L ) V2 Bl = 1272 1,

n=1

Finally, by multiplying 1 by a cutoff function X which is one for —L/2 < 2 < 0 and
vanishes for z < —L, we have a desired lifting ¢, the zero extension of x9|(_1 0)x0

to Q, satisfying ¢|p0 = ¢ and ||¢HH1(Q) < ClYllmn) = C||¢||H1T/2(FO), which
completes the first part of the lemma.

The second part can be proved in the same way. In this case we take ¥ =
S0 o AneVTFATY, (y) for ¢ = 3°0° | A,,Y,, and define @(x,y) by the zero extension
of x¥|(—r,0)xa to Q with the cutoff function x defined as above. Then the similar
argument used above can show that

9y

112,15, < Clel3n o) =€ / G My + 150 (2, ) oy

=C Z(l + /\,1)1/2|An|2 C||¢||H1/2 To)
n=0
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and
a?w
e / 19, Wiy + 19 Wiy + 19 VB
—CZ (L4 M) Au? < CllGZs -
which completes the proof. [

The main results of the continuity of the tangential trace and tangential compo-
nent trace operators will be presented.

Theorem 3.10. The map 7, : Hy(curl, Q) — I:rTl/Q(divFo,Fo) is continuous.

Proof. Let u € Hp(curl, ﬁ) For ¢ € HlT/2 (T'o), we denote by (j) the extension of ¢

in H' (Q) constructed as in Lemma Since v x u = 0 on I'y, the integration by
parts gives

(3.18) (Vxud)g— (u,Vxd)y= /F Vr(w) - ¢ dy = (v (w), d)1/2,1,1,-
0
Therefore, we have
(vr(u), @)1/2,7,r0 < C||u||H(CWl,§)||<ZHH1(§) < C”“Hﬂ(curz,ﬁ)H¢||H1T/2(Fo)v
from which it follows that
(3.19) e (@)l 72y < Ol )

For the estimate of divr, (v, (u)), let ¢ € H3/2(Ty) be expressed by the series
¢ =3, ¢nY, and ¢ be a lifting given by Lemma Then it holds that V,¢ =
oo Vb, Y, is in HlT/2(FO). Therefore, we can show that

(V % u, )y = / (W) - V6 dy = (1 (w), Vy )12 1or

To
and hence
(divry (v7(w), 932,770 = —(Vr(0), Vyd)1/2 71, < CHUHH(CUTZ,Q)H<l~5||q.[1(§)
< Cllvll grieurs,o)19ll50/2(rg)-
Since H3/?(Ty) is dense in H'/2(T'y), we can conclude that
: [(dive, (vr(w), )32, |

Idive, (v (w)l12r,) = D ST e

(3.20) HEFL3/2(T) 1Al 31/2 (1)
S C”uHH(curl,ﬁ)

Finally, combining (3.19) and (3.20)) completes the proof. O

Theorem 3.11. The map 7, : Hy(curl, Q) — H&l/z(curlpo,Fo) is continuous.
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Proof. We first note that v, (u) € H;1/2(F0) if and only if 7, (u) € H]:,I/2(Fo). In
addition, since

<diVFo (’VT(U))» ¢>3/2,Fo = _<7‘r(u)v Vy¢>1/2,T,F0
= —(m,(u), V;_¢>1/2,N,1"0 = —(curlr, (7 (w)), #)3/2,r,

for ¢ € H3?(I'y), we have divp,(v-(u)) = —curlp, (7-(u)). Therefore, the con-
tinuity of the tangential component trace operator 7, follows immediately from
Theorem .10l O

4. APPENDIX

In this appendix we provide the density of C2°(Qg) in H2(Qg) for a bounded
and smooth domain Qg C R

Lemma 4.1. The space C°(Qg) is dense in H2(Qg).

Proof. For any u € H2(QE), let g = ulspa, be the trace of u on dQp. Since
C>®(0) is dense in H3/2(00)g), there exists a sequence g,, € C°(9Qg) converging
to g in H3/2(0Qg). Due to the continuous right inverse of a trace operator, we can
find v, € C*(Qg) such that v, = g,, Ov,/0v = 0 on INg and lvnllrz@p) <
Cllgnllzs/2(90,) With C independent of g,,. Since {v,};2; is a Cauchy sequence in
H2(Qp), there exists v € H?(Qg) such that v, — v in H2(QEg). It also satisfies
v=gand v/dv = 0 on INg. Now, as u — v € HZ(Qg), a subspace of functions
n in H2(Qg) such that n = 0 and dn/dv = 0 on IQg, the density of C§°(Qg) in
HZ(Qp) guarantees the existence of a sequence ¢, in C§°(Qx) converging to u — v

in H2(Qg). Finally, we can conclude that ¢, + v, in C2°(Qg) converges to u in
H?(2g), which completes the proof. |
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