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Abstract

In this paper, we study a multiple Dirichlet-to-Neumann (MDtN) boundary
condition for solving a time-harmonic multiple scattering problem governed by
the Helmholtz equation in waveguides that include multiple obstacles, cavities
or inhomogeneities with straight waveguides placed between them. The MDtN
condition is derived by analyzing analytic solutions represented by Fourier series
in the straight waveguides between obstacles, cavities or inhomogeneities. The
proposed method is then to remove the straight waveguides between scatterers
and impose the MDtN condition on artificial boundaries resulting from domain
truncation. This numerical technique can allow a great reduction of computa-
tional efforts. The well-posedness of the reduced problem with the full MDtN
condition and the reduced problem with truncated MDtN conditions are estab-
lished. Also the exponential convergence of approximate solutions satisfying
truncated MDtN conditions will be proved.

Keywords: multiple Dirichlet-to-Neumann condition, multiple scattering,
Helmholtz equation, waveguide

1. Introduction

This paper is concerned with an efficient numerical technique for solving
a time-harmonic scattering problem arising in waveguides including multiple
obstacles, cavities or inhomogeneities with straight waveguides placed between
them. Scattering of electromagnetic and acoustic waves from obstacles, cavities
or inhomogeneities takes place in many applications of engineering and science.
These scattering problems occur in many different geometric configurations, for
instance, scattering problems in exterior domains of bounded obstacles are a
main issue for studying scattering problems in open spaces [7] such as radar
imaging, or scattering problems for obstacles in a domain bounded by an infi-
nite surface boundary [22] 24], including half-space problems, are an important
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Figure 1: Geometric configuration

subject for research of wave phenomena arising over outdoor grounds or sea
surfaces. Scattering problems from cavities embedded in the infinite plane have
been studied for e.g., radar cross section [3,[5]. Also, scattering problems in cavi-
ties attached by waveguides (which will serve as the model problem in this paper)
are investigated for an application such as microwave resonators [6]. For multi-
ple scattering problems when obstacles or cavities are well-separated, there have
been intensive studies for efficient numerical methods that can provide accurate
approximate solutions with a small amount of computational costs. These are
found in many literature for example, [1I 10 17 [I5] for exterior problems, [2]
for half-space problems, [I8, 25] for cavity problems in half-spaces and [19] for
multiple scattering in waveguides among others. See also [20] for an extensive
overview of multiple scattering problems. In this paper, we develop an efficient
computational method for solving multiple scattering problems in waveguides
and give rigorous well-posedness and convergence analyses. Compared with the
former method in [I9] with boundary conditions based on integral representa-
tions, our approach utilizes DtN boundary conditions.

In order to describe our method, we consider a time-harmonic wave scatter-
ing problem in a domain 2 obtained by joining a finite number of cavities with
straight waveguides. For simple presentation, we assume that €2 is a bounded
and Lipschitz domain in R2, consisting of two disjoint cavities 1, € and a
straight waveguide Q12 = (0, L) x © connecting two domains Q; and Qo with



I';, j = 1,2 being the common boundary of ; and Q5 (See Figure ,
QZQlLJQlQUQQUFlUFQ.

Here O is a connected interval in R and the axis of {215 is parallel to the x;-axis,
the first coordinate axis of R x R. We remark that the method to be developed
in this paper can be extended to problems in R? as long as eigenpairs of the
cross-section © C R? are available (such as a circular or rectangular domain)
to implement DtN boundary conditions defined based on Fourier series as will
be seen later. We further assume that the cavity £2;, j = 1,2 includes a thin
layer Qg of width §, which does not have any inclusion or wave source. Thus
any inclusion or wave source of the problem is at least § away from I';, and the
width § will serve as a parameter of the exponential convergence of the proposed
method. The cross-sectional boundaries of Qg are denoted by F‘; and I'; as seen
Figure

When we are interested in solutions only in the cavities {2; and 3, we may
truncate the domain €2 to a smaller domain Q := Q; U Qs by removing the
straight waveguide Q5. In this procedure, it is required to impose appropriate
boundary conditions on artificial boundaries I'y and I's, which can allow us to
have solutions coinciding with a restriction of those obtained by solving in the
whole domain 2. Wave scattering in €2 takes place complicatedly since wave
fields produced inside the cavities €y and €5 bounce back and forth through
the waveguide 215, however the geometric structure of the domain 15 provides
us with simple analytic representations of solutions, one of which is based on
Fourier series and the other relies on single and double layer potentials using
the Green’s function. Both of series and integral representations of solutions in
15 show that they are decomposed into right-going and left-going components
under the time-harmonic assumption e~* with angular frequency w > 0. From
this observation we notice that information on traces of right-going components
on I'y and that of left-going components on I's are sufficient to construct the
full wave fields on £215. By examining the DtN operators for right-going and
left-going components, we can derive the MDtN condition for solutions on I';.
Therefore we remove €15 and introduce instead new auxiliary variables rep-
resenting the traces of right-going and left-going components only on artificial
boundaries and satisfying the MDtN condition, which allows a drastic reduction
of computational efforts. A remark on the analysis is that series representations
play an important role in deriving the MDtN condition whereas layer potentials
given by integral representations are the main ingredient in the stability anal-
ysis. In fact, the layer potential theory (see e.g., [7, 23]) enables us to have a
stable decomposition of the right-going and left-going components of scattering
solutions in 5.

The use of the MDtN condition was initially proposed for exterior multiple
scattering problems in [I0]. Here we apply the idea to the multiple scattering
problems arising in waveguides and establish (1) well-posedness of the reduced
problem supplemented with the MDtN condition on artificial boundaries and
an equivalence of the reduced problem to the original full problem, (2) well-
posedness of the approximate problem obtained by replacing the infinite series of



the MDtN condition with a finite series with M numbers of terms for sufficiently
large M, and (3) exponential convergence of approximate solutions obtained by
the proposed method as M tends toward infinity.

The paper is organized as follows. In Section 2 we introduce the MDtN
condition and the reduced problem posed only on €2 with the MDtN condition.
Also, the well-posedness of the reduced problem and the equivalence between
the reduced problem and the original problem is investigated. In Section 3 we
propose a numerical technique by truncating the infinite series of the MDtN
condition. There we study the well-posedness of the reduced problem supple-
mented with the truncated MDtN condition and the exponential convergence of
approximate solutions. Finally, numerical experiments illustrating the conver-
gence theory will be presented in Section 4.

2. Multiple scattering and reduced problem

2.1. Multiple Dirichlet-to-Neumann condition

The model problem under consideration is the Helmholtz equation
—Au® — k2 = f in Q,

auew
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where k is a positive wavenumber and f € L?(Q) is a source term supported in
Q = Q; Uy away from the thin layers Qf U Q3. Here vp represents the unit
normal vector on 0D pointing outward from a domain D. From here on we use
(-,-)p for L?inner product over the complex field C in a domain D

(u,v)D:/Du(x)T)(ac)dL

and we denote the dual space (as the space of anti-linear functionals) of H!(D)

by H=1(D).
We consider a weak solution u®* € H'(Q) satisfying
A(u®, 6) = (f,0)a for ¢ € H'(Q), (2.2)
where

A(u, ¢) = (Vu, V)g — K (u, ¢)g.
For unique solvability gf the problem (2.2)), we assume that &2 is not a Neumann

eigenvalue of —A in €2. Then the Fredholm alternative theorem implies that
there exists a unique solution u®® € H'(Q) to the problem (2.2) satisfying

||uem||H1(ﬁ) < C||f||L2(Q)- (2.3)

Throughout the paper we will use C for a generic constant that depend only on
the domain Q and wavenumber k.



Denoting the second coordinate variable for R x R by xs, let {Y,}52, be
the set of an orthonormal basis in L?(©) consisting of Neumann eigenfunctions
of the negative cross-sectional Laplace operator —A,, on O, associated with
eigenvalues A,

D= <M <X<....

Due to the orthonormality of Y,,, fractional Sobolev spaces H*(0) for —1/2 <
s < 1/2 is characterized by the space of functions ¢ = > ¢,Y,, satisfying,
(see [16]),

H¢||?qs(e) = Z(l +A70)°|¢n|* < o0.
n=0
For any M € N, we define HS,,(©) by the subspace spanned by {Y,}* , in
H*(©). Similarly, H? ,,(0©), HiM (©) and HE ,,(©) can be defined accordingly
to the symbols used in the subscript.

Let u2 = k®>—\2. Since \,, approaches infinity as n — oo, there exists N € N
such that A\, <k for n < N and A, > k for n > N. Thus, u, = /k2— 22 >0
for n < N and p,, = iji, with g, = /A2 —k? > 0 for n > N by taking a
negative real axis branch cut. In a certain case, we may have uy = 0 and
such a mode corresponding to n = N is called a cutoff mode. By separation
of variables, it can be shown that the solution u** in 215 is a superposition of
infinitely many different modes u$* for n =0,1,...,

(A eHn®t 4 B e Wn®0)Y, (15)  if p, # 0,

up' (@1, 2) = { (An + Boz1)Y(2s) if piy = 0. (2:4)

Since the Fourier coefficient (linear function of x;) of general solutions of cutoff
modes is different from that (exponential function of x1) of other modes, we
assume that cutoff modes are involved in the problem for a complete analysis
and reserve the index N for cutoff modes.

From the solution formula (2.4), we note that the n-th mode of the solution
u® for p, # 0 is decomposed into the right-going and left-going components
under the time-harmonic assumption e~** with angular frequency w > 0. For
n = N, the cutoff mode can also be decomposed into two parts by expressing
An + Byz; in terms of linear Lagrange basis polynomials Ly and L with two
nodes 0 and L on the interval (0, L),

uy (z1,72) = (ui |r, Lo(w1) + uy |, L (71)) Y (22).

Now, we denote the superposition of all right-going (left-going) components
including the decreasing component of cutoff modes in the propagating direction
by w8l (ylft respectively), i.e.,

urieht ((El, ) = u?\af:‘FlLo(!El)YN + Z Anei“”“lYn, (25)
n#N

uleft(xl, ) = u?\ﬂszL(LBl)YN + Z Bne_i”"xlyn, (26)
n#EN



which allows us to have a decomposition of the solution u®* in ;4

uf® = uright + uleft- (27)

Remark 2.1. According to the decomposition of the solution u®*, we in-
terpret u'gM and u'°™ as outgoing components of u¢® from Q; and Qg respec-
tively. Similarly, they are thought of as incoming components into Qo and 21,
respectively.

In order to obtain a reduced problem posed only on { by removing the
straight waveguide 215 from 2, it is required to understand Dirichlet and Neu-
mann traces of solutions on I'y and I's. To this end, we introduce the following
Dirichlet-to-Neumann (DtN) and Dirichlet-to-Dirichlet (DtD) operators. The
DtN and DtD operators for exterior problems can be found in [I0].

1. For the Neumann trace of outgoing components from the domain Q; we
introduce the well-known DtN map Tj; : H/2(I';) — H~Y/2(T;) defined
by

for ¢ = > 0% o ¢nY, in HY2(T,).
2. For the Neumann trace of incoming components into the domain €;, we
define a transferred DtN map Tj; : H'/2(T;) — H=Y2(T;), i # j, by

N o ipnlL
Tij(¢) = S Yn + 3 et L,
n#N
for ¢ =307 o dnYy in HY2(TY).
3. At last, for the Dirichlet trace of incoming components into the domain
Q; we define a transferred DtD map P;; : HY/2(T';) — H'Y/2(T;), i # j, by

Pii(¢) = Z et e, Y,

n#N
for ¢ =577 ¢, Y, in HY2(I)).
Remark 2.2. These operators T;; and P;; can be defined as continuous op-

erators Ty; : H*(T;) — H*"Y(T;) and P;; : H*(I';) — H*(L;) for s € R as
well.

In fact, T;;(¢) and Pi;(¢) for ¢ € HY/?(T';) and i # j are associated with the
Neumann and the Dirichlet traces on I'; of an outgoing solution in the straight
waveguide Q12 in the sense of Remark [2.] with a Dirichlet data given by ¢ on
I';, respectively. More precisely,

8uright auright
Ir, and  Tip(¢) =

2

T (o) =

8 Vo, 8 vQ,



with v'8" = ¢ on I';, and

auleft 8u1eft
T: = — d T =
21(9) e Ir, an 22(0) e, Irs
with u!*f = ¢ on I'y. Similarly, P;;(¢) is the operator defined as

Pio(¢) = w8t |p, with w8 = ¢ on Ty,

Py1(¢) = u'®|p, with u'*™ = ¢ on Is.

Since it holds that
lunl® K = AR

3

1+X22 142

<Cforn=0,1,... (2.8)

with C' depending only on &, we have the continuity of T;; and P;;. In addition,
we need a lower bound of |uy,| for non-cutoff mode for norm estimates associated
with layer potentials afterward. For this we denote the smallest non-zero ||
by fimin = min{|u,| : pn # 0}, which depends on the position of k with respect
to the distribution of A,,. In particular, a careful analysis is required in case
that k does not coincide with any of A\, but k is close to one of A,,. The mode
corresponding to such A, is called a near-cutoff mode, that is, |un| = pmin < 1.
In order to handle both cutoff modes and near-cutoff modes (they do not exist
simultaneously though), we keep the index N for cutoff modes and assume that
tmin < 1 for near-cutoff modes. Note that if k& # A, for all n, the index for
near-cutoff modes is N — 1 or N + 1 by the assumption that & < Ay41 and
the notational convention with N reserved for cutoff modes. For showing the
influence of pmi, on the stability and convergence of the proposed method, norm
estimates will be made with constants involving pimin. However if near-cutoff
modes do not exist, we can ignore the dependence on fiyiy.

2.2. Reduced problem supplemented with the MDtN condition

In this subsection we propose a domain truncation method to solve the
problem (2.2)) by removing Q15 from Q. To this end let W = H*(Q) x H/?(T';) x
H'/2(I'y) equipped with the norm,

s, wo) = (ellr gy + in (s B ey + sz ey )

for (u,u;,uz) € W, and we denote a complement of T'y Uy from 9Q by T' =
00\ (TyuTy).

The reduced problem resulting from removing {215 can be written as a prob-
lem to find (u,uy,us) € W satisfying

Au+k*u=f inQ,

2.9
@ZO onI’ 29)
ov



and

0 0
671: = Tn(ul) + TQl(UQ) on Fl, 871: = Tlg(ul) + TQQ(UQ) on FQ, (210)

UZ’LL1+P21(’LL2) on I'y, uzPlg(ul)—Fug on I's. (211)

Theorem 2.3. There exists a unique solution (u,ui,us) in W to the problem

(12.9)-(2.11). In addition, if u®® is the solution to the problem (2.2), then u

coincides with the restriction of u®® to ().

PROOF. Let u®* be the unique solution to the problem . By the definition
of T;; and P;; based on the decomposition of the solution u® in 9, it
is obvious that the triple (u,u1,us) € W defined by u 1= u®*|q, uy := u"8"|p,
and uy := u'*f*|, solves the the reduced problem, which asserts the existence
of a solution to the problem —.

Conversely, suppose that (u, u1,u2) € W is a solution to the problem —
(2.11). Let wy and wy € H'(42) be right-going and left-going solutions of
the form and determined by the Dirichlet data w; = u; on I'; and
wy = ug on 'y, respectively. We then define 4 by

N U in Q,
u = .
w1 + wa in Q5.

We claim that & = u®® in . Indeed, by the definition of Tj; and P;
obvious that

79 it is

8wi
Pij(u;) = wilr, and  Tjj(u;) = 8ng].|ij
which implies that
0 3]
u=w; +ws and 87” =% (w1 +we) onTyUT,.
Q Q

Therefore it can be shown that 4 is in H'(Q) and solves the problem (2.2)).
Finally, since the problem (2.2)) has at most one solution, % needs to coincide
with u®* and the uniqueness of solutions to the problem (2.9)-(2.11]) follows. O

As seen in Theorem the problem ([2.9)- [2.11)) has a unique solution
(u,u1,uz) € W. Since u®*|q = u, the stability (2.3) of the problem (2.2)) yields
that

lullzr @) < 1wl g @) < Clflle2@)- (2.12)

In order to estimate u; and us, which are the Dirichlet traces of u"8"* and u'°ft,

respectively, in terms of the wave source f, we consider an orthogonal decom-
position of functions in H*(£2;2). Assuming that the N-th mode is assigned to
cutoff modes, any function v € H 1(912) can be written uniquely as

v =vN + UxN, (2.13)



where
on (1, 22) = (v(z1,-), YN)eYn(22),

ven (21, 22) = Z (v(z1,+), Yn)oYn(22).
n#N

By Fubini’s theorem, one can easily show that
||U||§11(912) = ||UN||%11(912) + HU;«éNH?{l(le)
and it gives the orthogonal decomposition of H'({;5)
H'(Q12) = HL (Q12) & Hyy(2)

according to . Thus we will do norm estimates by splitting functions
in H'(Q2) into cutoff components and non-cutoff components. Now, u"8"t
and wleft are broken into cutoff components and non-cutoff components, that is,
urisht — u];\l,ghthu;%\},‘t and 't = uf,ftJrul;gf,, and we investigate each component

right left

of u and v °'" in the next subsections in more details.

2.3. FEstimates of non-cutoff components: Integral representation and layer po-
tentials

. L o ight
This subsection is devoted to estimating non-cutoff components u;%v and

ul;ggf, of u"e" and u'*f respectively, by employing the theory of single and
double layer potentials. The estimates obtained in this subsection will be used
for the stability estimate of solutions to the problem -.

For © = (x1,22) and y = (y1,¥2), let G(z,y) be the Green’s function of
the Helmholtz equation in the infinite waveguide 2o = R x O excluding cutoff

components,
eltnlzi—y1|
G(z,y) =Y Yo(w2)Ya(y2) (2.14)

nAN _21Mn

(see e.g., [6,8]). We define the single and double layer potentials on T';, j = 1,2

S;(0) = | Glywdye  fory e HV(T)),
oG
D)= | g —(uhe(W)dye  forap e HYV(T).

Then the non-cutoff component u;fN of the solution u¢* in €212 can be written
as

- B ou’* G ox
e = [ | 0)G) = g ()| die

Due to the definition of the Green’s function (2.14)), it turns out that

- ou” oG
right _ _ ex
w0 = [ | S 0)6(e0) ~ ot ) )] e

(2.15)

W80 = [ )60~ o) ()] i,



right left

respectively. Here we note that although u and u°'" are components of
u®® defined only on Qp9, u"8"* can be extended to any = > 0 according to the
formulas , and so can u!*® for any x < L analogously.

In order to estimate the single and double layer potentials we let

Q2 =(0,1)x© and Q5 =(L-1,L)x0O,

which are not necessarily contained in 215 as mentioned above, but the left
boundary {0} x © of QF is I'; and the right boundary {L} x © of 3 is I'y. We
will first consider the Newton potential on (27,

@=/mmww@@

for ¢ € I;T’l(ﬂ;f). We note that H* () and H~1(4) are Sobolev spaces of
functions v(x1,x2) = > oo o Un(21)Y, (22) satisfying

ooy 00 ol = Z/HV+mHMM%Mm

with s = 1, —1, respectively, where 0,, is the Fourier transform of v, with the
Fourier variable &; for x;. We define H;N(Qoo) and H;N(Q;‘) analogously to

Hp ().

Lemma 2.4. The Newton potential N; : f[‘l(Q;‘) — Hn(Q5) is continuous,

IN; (@)1

iy foroe H™Y(Q)).

If a near-cutoff mode does not exist in ¢, then pmi is not involved.

PROOF. We only prove the case of j = 1 as the other case is proved in the same
way. Let ¢ € C§°(€Q}). Then the zero extension ¢ of ¢ to Qs has a series
representation in .,

oo
xlax2 E

where ¢, (1) = (¢(z1,-), Yn)o and they are supported in the interval (0,1). In
addition, v = N;(¢) can be written as a Fourier series,

9617962 g Un, 901

where v, is given by

vn(xl) = (v(xlv ')7 Yn)(—)

/ Y )elunlrl yllqg( \d /elunzl yll(5 (41)d
= n\Y2)———F——PY1,Y2)ay = . Pn\¥Y1)aY1
Q; —2ipin R 2l

10



for n = N and vy = 0 for n = N as the Green’s function G does not have the
N-th mode. Now, we shall estimate v,, in two cases, one for propagating modes
and possibly near-cutoff mode, n < N + 1, n # N, and the other for all other
evanescent modes, n > N + 1.

If n > N+1, then p,, = ifi,, with fi,, > 0. Since there is no near-cutoff mode

in this case, we have
1+ M2
TQ <O (2.16)
My

Noting that
ei/J'n le ‘

gn(xl) = o
n

is the Green’s function to the Helmholtz equation with wavenumber p, in R
satisfying the radiation condition at infinity, we see that v, is the solution to
the Helmholtz equation in R,

d*vy, 9 ~

a0
with the radiation condition at infinity. Denoting the Fourier transforms of v,
and ¢, by v, and ¢,, respectively, we can obtain that

(& + fin)in(&1) = dn (&),
from which together with (2.16]) it follows that

(14 A2 +&0)0n(&1)| < Cldn(&r)]. (2.17)

In case that n < N + 1, n # N, we introduce a cutoff function y of x; > 0
such that

x(r1)=1for 0<mz; <1,  x(x1) =0 for x; > 2,
dx d*x
IXllzoe ) <1, ||d7x1HL°°(R+) <C, deE%HLOO(RJF) <C,

and define

eltnlzi—y1| _

1
= — _— dy.
Unx (71) /o x(lz1 — 1) T On(y1)dy
Since vy, ,, satisfies vy, y(21) = v, (21) for 0 < z1 <1 and has compact support,
it holds that

dtv,, dtv,, dtv,
||dTC§||L2((o,1)) = d;v{x lz2(0,1y) < |l dw{x | e (w) (2.18)

for £ = 0,1. Noting that g?)n is supported in (0, 1), the Fourier transform of vy, ,
with a change of variables z = xy — y; for 1 can be expressed as

elbnlzi—y1| p—iz1€r _

unte) = == [ [ e =) by
ei(ﬂn‘z‘_flz) . R
= (D e ) ) = (i)

n

(2.19)

11



Here J,, can be rewritten as

T = [ xlls) S cos(erzi:

n

One can show by a simple computation (or see e.g., [2Il Lemma 3.7]) and the
inequalities pimin < |un| < Ck that

c C 1 C

[Jn(€)] < —— < —— and & [Ja(€)] < C(lpnl + —) < —
| | m1n |/1*n| ,U/mln
from which it follows that
(L4 A2 + &) Bnn] = (L 4+ A2l + 1€ 21 Tn])|én] < bal  (2:20)

due to the fact that 0 < A\, < Ckfor 0 <n < N+1,n=#N.
Therefore by combining (2.17)), (2.18)), (2.20) and the Plancherel theorem,
we obtain that

oo

dvy, |9
ol = S [(1 )l 0 + 152 oy
n=0

/ (14 A2 1 €1 12) " u(€1)[2E

/’(’mlnn 0

o TR I

m1

which proves the continuity of the Newton potential by using a density argu-
ment. Finally, as vy = 0, v belongs to H7,é N (£27), which completes the proof.
O

Now, we can show that the trace of the normal derivative of the Newton
potential on I'; is continuous.
Lemma 2.5. It holds that
0

R 120
@N] tH7H(QF) — Ho (1)

18 continuous,

8 C r—1 *
”aTﬂ;NJ’((ﬁ)”H*UQ(I‘j) < m”ébnﬁ—l(gj) for ¢ € H™(2).

If a near-cutoff mode does not exist in ¢, then pmin is not involved.

PROOF. We will prove only the case of j = 1 and the other case can be proved
in the same way. We first note that for w € H'/?(T;) there exists an extension
w € HY(Q3) of w such that w =@ on I'y and @ = 0 on {1} x © and satisfying

[0 g1y < Cllwll gz,

12



Since Ny (¢) for ¢ € H=1(Q}) solves the Helmholtz equation
(~A—k)Ni(¢) = ¢ in Oy,
integration by parts leads to

2
aVQI

( Ni(¢), )12, = (VN1(8), Vi)q; — k*(N1 (), D)q; — (¢, W)1,0:, (2.21)
where (-, -)sp, § > 0 represents the duality pairing between H*(D) and its dual
space (H*(D))* as the space of anti-linear functionals in a domain D with L?(D)
pivot space, i.e., (-,-)o,p = (-,-)p. It then follows from Lemma [2.4] that

0
aVQT

I

N1(8), w)12,r, | < C(INL (D)l 12 @p) + 19l -1 )) 1@ 122 )

C
< T~ 101l -10r)

min

(2.22)

U’||H1/2(r1)»

which implies the continuity of the normal derivative of the Newton potential
into H~1/2(T";). Since N;(¢) does not involve the N-th mode, neither does
the normal derivative of Ny(¢) on I';, which shows that ON;(¢)/Jvgs lies in

H#lv/z(Fl) and the proof is completed. O

The single and double layer potentials have the following mapping properties.
Lemma 2.6. It holds that
Sj+ H2(Ly) = Hyn(94),
Dy : H'2(;) = Hyn(95)

are continuous,

C _

I8; (D) i) < ——¢llg-r2r,)  ford € HVA(Ty),
C

HDj(w)HHI(Q;) < Lo ||¢HH1/2(FJ-) f0T¢€H1/2(Fj)~

If a near-cutoff mode does not exist in v, then pmin is not involved.

PROOF. For ¢y € H™Y/2(T;) and ¢ € Cg°(€2}), we obtain by using Lemma [2.4
that

(Si(¥), )0y = //

-/ ) [ /[ G(x,ym‘s(x)dx] dys

- C
< Wl IN @ rvgryy < = W12 p 9

¢(x)dx

| G
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Since C§°(92%) is dense in E[‘l(Qj), it follows that

J
(S (), ¢>1,Q;
sup
0APECE (23) H¢||ﬁ—1(g;) l‘mm

I1S; (WD)l 102y =

||¢HH 1/2(1

which is the required estimate for the single layer potential. Finally, since S;(¢)
does not have the N-th mode, it is in H2  (927).

For the double layer potential, we take 1 € H'/?(T;) and ¢ € C§° (27).
Then, noting that vq,, = vg: on I';, it can be shown by Lemma . 5| that

8 —
B /1"j v sy [/ o G(x’y)(ﬁ(x)dx] dy>
C

9 _
< |W||H1/2(Fj)HaTWNj(éﬁ)HHfl/z’(rj) <

J

Since C§°(€2}) is dense in I?_l(Q;f), it follows that

(D (), B)1.0
ID; (%)l 1oy = sup - L <
/ 0#£ECS (27) ”45”1771(9;) Hmin

1l 2o,

which completes the proof of the continuity of the the double layer potential.
At last, as the N-th mode is not involved in D; (), D;(¢) is in H;N(Q;) and
the proof is completed. O

Now we can estimate the non-cutoff components of the right-going and the
left-going components of the solution.

Lemma 2.7. It holds that

!
[[u 2 lt||Hl/2 ry T [uy /20y < 1w 71 () -
Mmln

right

If a near-cutoff mode does not exist in u and u'°™, then Mmin 1S not involved.

PROOF. Let n = min{1,L} and @1, = (0,n7) x © = Q12 N Q}. The formulas
(2.15) says
auer
rlght =S
#N 1(8V912

) = Dy (u®?)
and Lemma [2.6] yields that
ou®” ou®” C | Ou*®
Si(=— <|S o < — |-
1510 < I e € =l -,

12 12 Hmin

D1 (w) |z, ) < D1(w) 2@ <

—u1r2(r,)-
min

14



It then follows that

|| rlgh C ouc®

Q) <
i 00 < ol

C
N2y + 1w g2 y)) £ —— 1w (1)
Hmin
(2.23)
Here we used the estimates ||$‘T”||H’1/2(F1) < Cl|u®||g1(q) of the normal
12
derivative of u®® on I'y resulting from

Ous” ex exr e
(= gpg 2 Shyar =1(Vu™, Vé)a, - k2w, d)a, | < Cllu |l [0l (on)

12
for ¢ € H'(Q1). As the same estimate for ul’eft holds true, the desired estimate
follows. g

right left

Remark 2.8. Since the series representations ofu and ugN gien in Q1

can be extended to the domains QS and 3, Lemma 2 for the extended u“ght
and uleft still holds with T'; replaced by I“S

2.4. Estimates of cutoff components

We will estimate the cutoff components of u left

right and u

W (21, ) = uf¥ |, Lo(1) Yy and  ulg(a1,-) = us¥|r,Lr (1) Y-

Lemma 2.9. The cutoff components satisfy the estimates

ht
[ iz, < Clu e and [l /ey < Clllm o).

ht
PROOF. Since ui#"" = uS¥|r,, we have

h
W Ve 2,y = N e,y < e aee,) < Clu |,
For ul¢®* we use the fact ul$f* = u$¥|r, to derive the same estimate as above,
which completes the proof. O

2.5. Stability
We invoke all estimates in the previous subsections to establish the stability
result of the solution to the problem (2.9)-(2.11]).

Theorem 2.10. The unique solution (u,ui,us) € W to the problem (2.9)-
(2.11)) satisfies
[[(u, wr, uz)llw < Cl[fll2(0)- (2.24)

PROOF. We know that u = u®|q, u; = u'"|p and uy = u!*®|p,. Due to the
orthogonality of Y,,, it holds that

right right

||u“ght||H1/2(r1) = ||u ||H1/2(F1)

By using Lemma [2.7] H Lemma and (| -, we prove that

||H1/2(r1) + ||U

i ff
e rarageyy, 12 g2y <
l‘l’mln

Thus, combining it with the stability (2.12)) leads us to the stability estimate
(2.24). 0

15



2.6. Variational reformulation

In this subsection we reformulate the problem (2.9)-(2.11)) in a weak form.
The problem (2.9)-(2.11]) can be written as a variational problem that seeks for
(u,u1,uz) € W satisfying

A’Y((uvulvu2)v (v,v1,v2)) = (f,v)q for all (v,v1,v2) € W, (2.25)
where

Ay ((u, ur, u2), (v,v1,v2)) = al(u, u1,u2),v) — ¥b((u, u1,us2), (vi,v2))
with

a((u,uy,uz),v) = (Vu, Vo)g — k?(u,v)q — Z <Z/}j(ui),v>1/271~j,

ij=1,2

b((u7u17u2)7(vl7’02)) = Z [U—Uj _Pij(u’i)vvj]rj

0.=1,2,i%]

for a constant v € R. Here [, -]p, stands for the H/2(T;)-inner product defined
by

o0

[0, 9]0, = > (1+ A7) 2 dnthn

n=0
for ¢ =3 0% dnY, and o = 300 (4, Y, in HY2(T';). We note that since the
problem ([2.25)) splits into two parts independent of v € R
a((u,uy,us),v) = (f,v)q for ve HY(Q),
b((u, w1, uz), (v1,v2)) = 0 for (vy,ve) € HY2(Ty) x HY*(Ty),

the problem ([2.25|) for different constants + are all equivalent to each other.
Consequently, Theorem [2.3] and Theorem establish the following result.

Lemma 2.11. The problem (2.25)) for any v € R has a unique solution (u, uy,us)
in W satisfying the stability estimate (2.24), and solutions for different v € R
all coincide with each other.

2.7. Adjoint problem

The subsection is devoted to introducing a reduced problem for the adjoint
problem, which is analogous to the problem (2.25). The reduced problem is
obtained by removing the domain 5 from the adjoint problem

A(¢,u) = (¢, f)a for ¢ € H'(Q) (2.26)

of (2.2). The result in this subsection will be used for the error analysis based on
the duality argument in studying the approximation method in the next section.
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Let T} : HY2(T;) — H~Y*([;) and P : H*(T;) — H *(T';) be the
adjoint operators of Tj; : HY/?(T';) — H~Y%(T';) and P;; : H*(T;) — H*(T;)
for —1/2 < s < 1/2, respectively, that is, for ¢; € H'/2(T;) and ¢; € H'/*(T;)

(Tij(9i)s i)1ja,r, = (Di, Ti5 (V)72
and for ¢, € H*(T';) and ¢; € H*(T';) with —1/2 < s <1/2

(Pij(9i), ¥5)s.r; = (90 P (¥5))s.0;-
These adjoint operators are, in fact, defined as

T”W) = TNYN + Z —1fn€ 'uannYm T]]('(m = _TNYN + Z inPnYn,

for o € HY2(T;). Also, for i # j and —1/2 < s <1/2

Pi(¢) =D etle,Y, for = ¢,Y, € H(I;).
n#N n=0
We study a reduced problem posed on € for the problem (2.26) by using the
adjoint operators T3; and P; instead of T;; and P;;. To this end, we consider
the decomposition of the solution in 1o,
u (@) = uff | Lo (@)Y + Y Aje Y, (= uE)
n#N
+uff|r Lo(a1) Yy + D Bre Y, (= u™")
n#N

for some constants A* and B. Denoting w; = v*'*®*|p, and wy = u*™8M|p, | we
can see

a exr a exr
- 17 (wy) + T (wa) onT; and Y

— T3 (1) + Ty (ws) on Ty
(2.27)

(91/91 aVQQ

and
u®® =wy + Py(we) onT; and u® =wy+ Pyj(wy) onTs.

Therefore, the adjoint problem (2.26]) can be reduced to a problem seeking for
(w, w1, wy) € W satistying

A% (v, v1,v2), (w, w1, w2)) = (v, fa for (v,v1,v2) €W, (2.28)
where
A;((U,Ul, U?)v (U),U}l,’u)g)) = (VU, VUJ)Q - k2(”7w>ﬂ

= T, =y D> [viw —w; — Phuw;lr

4,j=1,2 4,J=1,2,i#]

for a constant v € R.
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Lemma 2.12. For any v € R, there exists a unique solution (w, w1, ws) € W
independent of v to the problem (2.28)) satisfying

[ (w, w1, w2)lw < C|fllL2)-

In addition, for g € L*(T';) there exists a unique solution (w,wi,ws) € W to
the problem

A:((vala,UQ), (wawlan)) - (Uag)Fj fOT’ (UavlavZ) ew (229)

satisfying
”(wv Wy, wQ)HW < C||g||L2(Fj)~

PROOF. The same arguments as those used for the primal problem (2.25) in
the proceeding subsections provide the well-posedness of the proble
independent of v € R.

On the other hand, we note that the problem is a variational formu-
lation of the Helmholtz equation in €2 with f = 0 but a source g is provided on
the boundary I'; in the form

ow
8Z/Qj
with the other boundary condition of (2.27) on T'; (i # j) unchanged. This
problem is, in turn, equivalent to the full problem ({2.26) with a line source gdr,

on I';. Since the line source is in ﬁ_l(ﬁ) and the problem (2.26)) is well-posed
for f = gor, € H~1(Q), the assertion can follow. O

= Tfj(“’j) + Tfi(wi) +g onl

3. Approximate method and convergence

The boundary conditions of the problem — resulting from truncat-
ing €42 involve the DtN and DtD operators, T;; and F;;, defined by infinite
series. In order to apply a discretization technique such as the finite element
method, the DtN and DtD operators need to be approximated by truncated
series. We define approximate operators for the DtN and DtD operators,

v S - ¥ -
= Y meteYa, TH@) =T Y iwatYa

n=0,n#N n=0,n#N

T ()

for o € HY2(T;). Also, for i # j and —1/2 < s <1/2

M oo
PY(9)= Y. émloY, foro=1 ¢,V € H'(T)).
n=0,n#N n=0

By replacing the exact boundary conditions (2.10) and (2.11]) with the truncated
counterparts we introduce a problem in a variational form for an approximate
solution (u™,ud udl) € W satisfying

A'Jy\/l((uM5u{w7uéw)7 (valaUQ)) - (f7U)Q for all (’valaUQ) € W/? (31)
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where

A»]y((U,Ul, uz), (v,v1,v2)) = aM((Ua ur, uz),v) — ’YbM((%Ul,UQ), (v1,v2))

with
aM((u,ul, Ug), ’U) = (V’LL, VU)Q - kQ(“ﬂ”)Q - Z <Tijj\4(ui)7v>1/2,Fj7
i,j=1,2
DM ((u,u1,us), (vi,02)) = Y [u—u; — P (wi), v,

i.=1,2,i#]

As done for the problem (2.25) in Subsection the problem (3.1)) also can
split into two parts for any v € R,

a™ ((u,u1,u2),v) = (f,v)q for v e HY(Q), (3.2)
WM ((u,uy,uz), (v1,v2)) = 0 for (vi,v0) € HY2(T1) x HY?(Ty). (3.3)

It implies that the problem for different constants v are all equivalent to
each other, and allows us to infer that if the problem with a certain constant
~ has a unique solution in W, then all other problems with any v share
the same unique solution. Thus, we will establish that there exists a constant
v € R such that the problem is well-posed and solutions to the problem
converge exponentially to the solution to the problem as M tends
toward infinity.

Remark 3.1. The boundary condition (3.3)) can be imposed by using the L*(T;)-
inner product instead of the H1/2(Fj)—inner product. It results in an equivalent
problem to find (u,u1,us) € W satisfying

AM((u,ul,ug), (v,v1,v2)) = (f,v)q  for all (v,v1,v3) €V, (3.4)

where V.= HY(Q) x L2(T'y) x L*(Ty) and AM(-,.) is a sesquilinear form on
W x V given by replacing —yb™ (-,-) in AQ/I(~, -) with b™ (-, ) defined by

BM((uv u17u2)7 (vla UQ)) = (u — Uy — P21\14(u2)77)1)r1 + (u - Plz\g(ul) - UQ,UQ)FQ'

Since it is more appropriate in the well-posedness analysis to manipulate Hl/Q(Fj)—
norms of uj than L*(T;)-norms, we take this problem in the analysis, how-
ever a finite element approximation will be applied to the problem based
on the L?-inner product.

8.1. Properties of the DtN and DtD operators and convergence of truncated
operators
In this subsection, we examine some properties of the DtN and DtD operators
and the exponential convergence of truncated operators. The first one is the
commuting properties of T;; and F;;.
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Lemma 3.2. Leti,j =1,2 and i # j. It holds that
TPy = Py (3.5)

and
TijPji = PijTj;. (3.6)

Here T;; : HY*(I';) — H~Y2(T;) and P is understood as an operator from
HY2(T;) to HY2(T;) or from H=Y/2(T;) to H=/2(T';) depending on its position
in the composition.

PROOF. For ¢ =>>° ' #,Y, in H/?(T;), it is easy to show that
¢) = ipne 6.V, = PiTj;(9),
n=0

which leads to (3.5). Similarly, the second identity (3.6 can be obtained since

TisPi(@) = Y —ipne™ "6, Y, = PyTyi(9),
n=0
which completes the proof. (]

For u,w € H*(Q) and u;, w; € H'/?(T;), we denote the terms involving DtN
operators in A, (-,-) and A:(.7 ) by

T((ur,u2),w) = > (Tij(w;), w)rjar,,

1,j=1,2

T*<ua (w17w2)): Z <U7sz( )>1/27Fi’

i,j=1,2

(3.7)

These two sesquilinear forms have the duality property.

Lemma 3.3. Assume that u = w; + Pj;(u;) onT'; and w = w; + PZ’;(w]) on T
for us,w; € HY2(T;), i,§ = 1,2, i # j. Then it holds that

T((“h“’?)aw) = T*(U, (w17w2))' (38)
PROOF. It can be shown by Lemma [3.2] that for ¢ # j,

(u, T35 (wj))1j2r, = (u; + az(%%Ti;(wa))l/QF
Tij(uq Pji(u; ’wy>1/2r

(

= (Tij(ui) + )

<Tz7(u1) (u.])’ J>1/2F

= (T35 (u), wJ>1/2F + (Tji(us), Py (wj))12,r,;
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from which it follows that

> (T (wi))1y2r, = (T (wi), w)1jar, + (Lhi(ug), Py(wi) 1w,
oy
+ (Tji(ug), wi)1jor, + (Tij(ui), Ply(wi))i2r;  (3.9)
= Z(Ej(ui),w>1/2,1"j~

i#]
By the similar way, we can show
(u, T (wi))1 2.0, = (Tii(wi), wi)1jor, + (Tj5(uy), Pl (wi))1j2r;,

which yields

Z (u, Tj;(wi))1/2,r, = Z (Tii(ug), w)1 /2,1, (3.10)

i=1,2 i=1,2
The proof is completed by combining (3.9) and (3.10]). O

The truncated adjoint operators T;}M and P;;»M can be defined analogously
to TZJJVI and PiJ]\-/[ . Denoting by 7™ and 7*M sesquilinear forms of (3.7) with

T;;, T7; replaced by Ti]y , T;;M , respectively, one can easily show that the duality

property for the truncated operators 7 and 7*M similar to (3.8) still holds
as the truncated operators satisfy the same commuting properties as ([3.5) and

(3-6)-

Lemma 3.4. Assume that v = u; + P]-I‘l-/[(uj) on Ty and w = w; + PZ-’;-M(wj) on
T for wi,w; € HY2(Ty), i,j = 1,2, i # j. Then it holds that

T ((ur, u2), w) = T*M (u, (w1, w2)).

We will establish the exponential convergence of approximate DtN and DtD
operators.

Lemma 3.5. Let w be a radiating function in Hl(Q?) going out of Q; such
that the non-cutoff component of w can be written as

w#N(x) = Z wne(il)j+lmn(zlia)Yn(xZ) in Q?;
n#N

where oo = =6 for j =1 and oo = L + 6 for j = 2. If ¢ is a trace of w on I';,
then

(T = T (D) lr-172 (0, < Ce*ﬁM“6||w>M||H1/2(rg), (3.11)
1(Pji = P& liaqr,) < Ce_ﬁM“5||w>M||H1/2(r§) (3.12)

for M > N.
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PROOF. Since the n-th coefficients ¢,, and w,, of ¢ and w|rs, respectively, satisfy
J

bp, = e P, for n > N,

it can be shown by using (2.8)) that

(T = TIN5 r20y < D L+ 202 [l
n=M-+1

o0
< Ce et N7 (LX) wnl? < O s [ o,
n=M+1
(3.13)
which proves . In the first inequality, we used that e=2#M+1L < 1 in case
that i # j. The convergence of the DtD operators can be proved in the
same way. O

The convergence of the truncated adjoint DtN operators can be derived in
the same idea as the above.

Lemma 3.6. Let w be the function in H* (Qg) coming into §; such that the
non-cutoff component of w can be written as

wen (@) = Y wpe TN (25) in O,
n#N

where oo = =6 for j =1 and oo = L + 6 for j = 2. If ¢ is a trace of w on I';,
then i
(TS5 = T D)l r-172(r,y < Ce™ P40 lwsng || e s (3.14)

for M > N.

As a consequence of Lemma[3.5]and Remark 2.8 without a near-cutoff mode,
we can have that for j = 1,2

1Ty = T (@) [ g-172r,) < Ce P w8 | gaa gy < Ce™ 00 a1 g,

1(Tay = To ) (W' | -1r2(r,) < Ce P2 Wl | gy < Ce P40 || g q).
(3.15)
The convergence of the Dirichlet data can also follow

1(Prz = P (@ )| g 1/2r,) < Cem M40 [0 g g, (3.16)
(Por = PEY@ )l g-1r20r,) < CmT s ey,
Similarly, by Lemma [3.6] it holds that for j = 1,2
(T = T @) g2,y < Ce M a5 sy < Cem ™M [0 gy,
1T = T @) yaagr,) < Ce P s g) < Ce P19 s .
(3.17)
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: left _  right *right  _ left ;
since ulGy = u 3, and ul,; = uly, for M > N. These exponential con-

vergence (3.15)), (3.16) and (3.17) of the DtN and DtD operators for radiating
functions will play a crucial role in the convergence analysis.
The next lemma deals with some properties of the DtD operators.

Lemma 3.7. Assume that i # j and M > N. Then it holds that
1Py = PEYO) iz e,y < Ce ™1 E|g]| gz, (3.18)
for ¢ € HY2(Ty). In addition, for 0 < e < 1/2 and v; € HY*(T), it holds that
|[P¢]g\'/[(vi)avﬂrj| < C;DHUZ'”HU?*E(H)”vj”Hl/?*f(l"j) (3.19)
for a positive constant C), independent of M.

PROOF. The convergence (3.18) of P}/ for ¢ € H'/2(I';) can be proved as those

in Lemma For (3.19)), let v, = ZZO:O VenYn, £ = 1,2. We note that there
exists a constant C), (that may depend on L but is independent of M) such that

(T+A)V2 < 1+ k(1 + X227 < Cp(1 + A2)1/27¢ forn < N,
e il <O (1+A2)~¢ for n > .
By using the inequalities, we derive that

N

M
PN (v), o3, | < Yo+ N0 Plognllvgnl + Y e P EL+ A2 om0l
n=0 n=N+1

< Cpllvillgrrz—<pllvill grre-<r;y,

which completes the proof of (3.19). O

3.2. Ezistence and uniqueness of approximate solutions

In this subsection we will show that the problem admits a unique
solution in W for any constant v € R when M is sufficiently large. We first
consider the uniqueness of solutions to the problem 7 which is established
by following the idea as that used in [11].

Lemma 3.8. For any constant v € R, there exists a positive constant Myyniq >
N such that if M > Myniq, then the problem (3.1) has at most one solution.

PROOF. To prove the lemma, we use a proof by contradiction. As addressed
in the introductory part of this section, it is enough to find a constant v € R
and Myni; > N for which the solution to the problem is unique for all
M > Muniq~

Suppose that there exists an increasing sequence of integers M,, > N such
that M,, — oo as n — oo and the problem with f = 0 has a non-trivial so-
lution (uM»,uM u)™) in W satisfying || (u™, u™ ud™)|lw =1 for each M,,.
Since W is compactly embedded in W€ := H'~¢(Q) x H'/?2=¢(I'}) x H'/?=¢(I';)

23



for 0 < € < 1/2, there exists a subsequence (u~,ul" ud™) (with the same

notation for the sake of simple presentation) that converges to (u,u1, us) in We€.
Step I: We will show that (u,u;,u2) = 0. To do this, recalling the definition of
T and TM», we denote

D(u,v) = (Vu, Vo)g — k*(u,v)q,
B(u, (v1,v2)) = [u,v1]r, + [u,v2]r,,
P((u1,u2), (v1,v2)) = [ur + Po1(uz), v1]r, + [Pi2(u1) + u2, vo]r,,
P ((un, u2), (v1,02)) = [u1 + Py (ua), a]r, + [Piy” (u1) + uz, var,.
Then it holds that
A ((u, w1, u2), (v, v1,v2))
= D(u,v) = T((u1,01),v) = [B(u, (v1,v2)) = P((ur, uz), (v1,v2))],
Afyl"((u, uy, uz), (v,v1,02))
= D(u,v) — T ((uy,v1),v) — V[B(u, (v1,v2)) — PMo((uy, uz), (v1, 112))}.
From the equation
AL (WM ud™ uy™), (8,61, 62)) = 0 for all ¢ € C™(Q), ¢; € C(T)
it can be shown that
D(u™* —u,¢) — yBu™ —u, (¢1,62))
=T ()™ = ur,up™ = wg), @) — (T = T)((u,u2), 9)
HyPMr (™ = ug, u™ — uz), (61, 62)) + ¥ (PMr — P)((ur, uz), (¢1, ¢2))

+A’Y((u’ U1, u2)7 ((ba é1, ¢2)) =0.
(3.20)
We shall make estimates of all terms except the last one in , which reveals
that they converge to zero as n — oco. We first use a generalized Schwarz
inequality to show

D@ —u,¢)] < Cllu™ — ull ey 610 (3.21)
Similarly, a generalized Schwarz inequality and a trace inequality give
B —u, (¢1,62))| < D Nu = ullggrre—er ) |65 m/zeecr,)
j=1,2

<C Z [ = ull e 65l vz r, )

7j=1,2

(3.22)

The boundedness of duality pairings, the continuity of the operator TZJV[ and a
trace inequality come together to prove that

n M, M, M, ( M,
[T (™ =, g™ —2), @) < D T (@)™ = w)llg-vo-e (o) |6l mrrrzecr,)

i,j=1,2

<C Z ||U§w" — ujHHl/z_E(Fj)H¢||H1+5(Q)

j=1,2

(3.23)
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and

(T = T)((ur,u2),0)| < C > |I( MY i) |l =172 o)) |1l raese )
1,j=1,2
1
<C — .
a HZ;Q (1+ /\?\/In+1)6/2 o)
(3.24)

A generalized Schwarz inequality again yields that

[P ((ui™ = uy, ud™ — ug), (¢1,62))| < C Z b ™ = | g1 o—e o) |Gl g1 rzee )
i,5=1,2
(3.25)
and by (3.18) we are led to

[(PMr — P)((u, u2), (41, 92))| < Z |(Pij — ZM )(ul)||H1/2(F )||¢JHH1/2(1" )
i#]
<> e L gl gz |85l e e, -
i#]
(3.26)
Since all terms in the right hand sides of the above estimates —3.26
converge to 0 as n — oo, passing to the limit of leads

Ay ((u, w1, uz), (¢, ¢1,42)) =0

The uniqueness of solutions to the problem ([2.25) shows that (u,u;,us) = 0.
Step II: We will show that the convergence of (uM",uiw",ué\/[") to 0 in W€
contradicts that [|(u?» " u)’™)||ly = 1. We begin with the identity

0 =AY (Ml ug™), (@M gt )

= [ 1 ) = (B + Du 172 ) = T ((w" ug™), )

= (e = B e, + - = P ) a8, )

(3.27)
By using the fact that uM» = =, Mn +PM ( ) onI'; and 1nv0k1ng the definition
of TZ-]]\-/'[", we can show that for u{w Zz:o uu Y and ug'™ = 370%, ué\/fé‘
({0 Mo M, ny — My, My n
TM ((’LL1 y Ug )7U’M )_ Z <Tz] ( z ) uM >1/2F
i,j=1,2
N—-1 My,
Y SR ) — 3 a1 — el P+ o )
£=0 (=N+1
1
+ 7 (R Ra %) — ()% + [up' ).
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which is real. Since fig(1—e~2#¢L) > 0 for £ > N and the last term for the N-th
mode is non-positive, by using the estimate of the finite sum

N—-1
D AuwS (e R asly) < Collud™ |l raa-eep llus™ [ aa-ery)
=0

for a constant C; > 0 independent of M,,, we can obtain that
Mn Mn n Mn M'n
T (" ug'), u) < Cllug™ || gasa-eoy 1w [ e-cr,)- (3.29)

On the other hand, the terms of the H'/2-inner product in ([3.27) are esti-
mated by using (3.19)), inequalities of arithmetic-geometric means and a trace
inequality with a trace constant Cy,, as

_ ,yg)%([uMn _ ué\/ln _ Pz‘lg\‘/ln (Ui\/[n),uyn]F_j)

Ctr

1 C
Z’Y<2||U?4"||§{1/2(rj) - THUMHH%P(Q) - 719

(||UZ]“/["||§{1/2—<(FZ.) + ||U§V["||?{1/2—e(rj)) :
(3.30)
We use (3.29)) and (3.30) in the real part of (3.27) to obtain
0 " n
a5 ) + 5(”“{\4 ||§{1/2(r1) + [luy” Hip/Z(m))

< (B + D[u™ 320y + YCer ™ 3010y + (10 + COIa™™ 22 oy + b 25 )

We take a positive constant v so that vCy,. < 1/2 and have

1
n g Mn My n Yo, M M,
Cll(uw™ i uy™)[f < = flu 1% @) + 5(”“1 Hipm(rl) + Jug ||§11/2(r2))
n M, M,
< (K + Dl 1720y + (VCp + Co) ™ 1310y + 102 (1 F1/2-c 1)-

Since the right hand side tends to zero as n goes to infinity, it contradicts the
fact that ||(u™r, u}™ u3")|lw =1 and the proof is completed. O

Lemma 3.9. Let Myyniq be the constant defined in Lemma[3.8 If M > Muniq,
then the problem (3.1) for any constant v has a unique solution.

PROOF. It suffices to show that there exists a constant v for which the problem
(3.1) with M > My, has a unique solution.

As presented in Step IT of Lemma by (3.29) and (3.30]) with ~ satisfying
~vCyr < 1/2, we can show that

1 gl
| AN ((u, ur,u), (u,ur,ug))| > 5”””%11(9) + 5(”“1”?{1/2@1) + ||U2H§{1/2(p2))

— (K + DllullZz@) = (vCp + Co) (luallFra /ey + Nu2llzp z-e(r,y),
(3.31)
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which is a Garding type inequality for Ay (,+). It implies that there exists a
positive constant C' independent of (u,u,us) € W such that

Il (w, ur, ue)||lw < C sup 45 (w1, 02), (0,01, 2))]|
T \orw)ew [ (v, v1,v2) lw

+ ||(U7U17U2)W€>

with the obvious product norm || - ||we of W€. Since the mapping (u,u1,uz) —
AN ((u,uy,uz),-) from W to its dual space W* as the space of anti-linear func-
tionals is continuous and injective (by Lemma7 and W is compactly embed-
ded to W€, Peetre-Tartar lemma (see e.g., [9]) gives the inf-sup condition

[ un, )y <O sup  Ar () (00, )
S T Teemew D@ v vl

for some constant C. Since Ay((u7 uy, uz), (v,v1,02)) = Ay((f), U1,02), (4, 41, Uz)),
the inf-sup condition for the adjoint problem holds as well and so the proof is
completed. O

3.8. Convergence and stability of approrimate solutions

We are in a position to prove the main convergence result of approximate
solutions.

Theorem 3.10. Assume that each cavity §; includes a straight waveguide Q?
of width 6 with I'; on its boundary, which does not include any inclusion or wave
source, as in Figure|ll Let (u,uy,u2) and (uM,u, ud?) in W be the solutions
to the problems (2.25) and , respectively. Then there exists a constant
Meony > Myniq such that for M > Meons,

||(u7u17u2) - (uMﬂuiV[ﬂuéV[)HW < Ce_ﬂM+15||u||H1(Q)' (3'32)

PROOF. Let (eM,eM el) = (u,u1,uz) — (uM,u ud!) be the error function.
The proof for the error estimate consists of five steps. Step I through Step IV
are devoted to the estimation of the error e in Q and Step V completes the
proof by providing the error estimates of e}’ in HY2(T;).

Step I: In Step I, we prove that for M > N

||€M||§{1(Q) - (K + 1)||€M||%2(Q)

firr+18 M - ipin L M M (3:33)
< C e ull gyl [y + Y 4unS(EH IRl e3h) | -

n=0

To do this, we begin with the equations for the error function

DM v) — TM((eM,ed"),v) = (T — T™)((u1,u2),v) for all v € H* (),
eM M — ij\i/f(eM) = (Pj; — le‘{[)(uj) on Ty, i#j.

J

27



Taking v = eM gives
D(eM, M)y = TM((eM ), M) + (T — TM)((u1, uz),eM). (3.36)

For estimating the first term in the right-hand-side, we use a computation
similar to that used for (3.28). The only difference comes from (3.35)) having a
non-zero right-hand-side, however since Tg[ (eM) annihilates the range of (P;; —
PM

i ), © # 7, the following required estimate can be obtained,

N-1
TM((e e, €M) < 3 Apn (et )R(el ebt). (3.37)
n=0

For the second term of the right-hand-side in (3.36]), noting that u; = u"&"*
on Ty, up = v'® on I'y and w = u°® in Q, we use (3.15) and a trace inequality
to show that

(T =) (s, w2), )] < Ce 2 ul oy M ey (3:39)

The desired estimate (3.33) follows by taking the real part of (3.36]) and com-

bining (3.37)-(3.38).
Step II: In Step II, we prove that for M > N

le[lz2 (@) < Ce ™22 (|lull g (a) + lle™ [l (@)- (3.39)

To do this, we will consider the adjoint problem with a source function e™. Let
(w,wy,wy) € W be the solution to the adjoint problem (2.28) with f = e,
which also can be written as

D(v,w) — T* (v, (w1, w2)) = (v,eM)q  for all v € H(Q), (3.40)

w—w; — P5(w;) =0 onTy, i#j. (3.41)

ij

Lemma [2.12] gives the stability result

I(w, w, wa)llw < Clle ]| z2(a).- (3.42)
For v = ™ in ([3.40)), we have
e |72y = D™, w) = T*(eM, (w1, w2)). (3.43)

On the other hand, by taking v = w in (3.34]) we are led to
D(eM w) — TM((eM,ed), w) = (T — TM)((u1,uz), w). (3.44)

By using Lemma with (3.35) and the fact that 7} (w;) annihilates the

range of P;; — PM

;7 » we can show that

TH((e1",e3"),w) = T M (M, (wr, w2))

= T*(eMv (wlva)) - (T* - T*M)(eM’ (w17w2))'
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It then follows from (3.43) and ([3.44) that
e 1220y = (T = T ((ur, ua), w) = (T* = T (M, (wi,w2)).  (3.45)
As done for the estimate (3.38)), we use (3.15]), (3.17)) and the stability (3.42) to

estimate the terms in the right-hand-side,

(T = T) (w1, uz), )| < Ce P20l s eyl || 120,

(T = T M) (M, (w1, w2))] < Ce M0 |eM | 1 [ ]| 20

Combining (3.45) and (3.46)) completes the L? estimate ([3.39)) for eM.
Step III: In Step III, we prove that for M > N

(3.46)

N—-1
> SR (el ent,) < Ce M (Jlul ) + e |l @) e | @)
n=0

(3.47)
Denoting by m; the projection onto the subspace spanned by {Yn}fgol of
L*(Ty), let g; = m;(8eM /Ovq,) € L*(T';). As done in Step II, we consider the
solution (w’, w],w}) in W to the adjoint problem (2.29) with g = g;. The same
arguments as those used in Step II lead to
|U| = |(6M‘F1791)F1 + (6M|F2792)F2|

inrand " (3.48)
< Ce MM (Jlul| gy + €™ |z ) (g1 lle o,y + lg2ll2ry))-
Here U is, in fact, the term we want to estimate in (3.47)), in that,

N-1
U= _IM’R Z |:(€{\,4n + ei#nLeé\?n)(éi\jIn - e_iunLéQ,n)

n=0

+ (eé\{n + eiunLe{\?ﬂ)(éé\{n - e_i“nLel,n>:| = Z 4/1/71%(61[%[‘)%(6{\{7153?2)'

Therefore using

0eM
” li-1/2(0;) < Clle |1,

Mrz2ry <C
||9]||L (r;) = ”89.

J

we can obtain from (3.48]) the desired estimate

N-1
D SR (et edt,) < Cem P ((lull i) + el @))lle™ [l 0)-
n=0

Step IV: We prove that there exists a constant Mcony > Myniq such that for
M > MCO'Il’l) M ~ 5
||€ ||H1(Q) < (e HM+1 ||u||H1(Q). (3.49)
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To prove it, we have only to combine all estimates (3.33), (3.39)) and (3.47
obtained in the previous steps. Applying (3.39) and (3.47) to (3.33)) we see that
€M 13 ) — Cr (K + 1)e™ M+ (Jlu)| 31 oy + lle™ 11 q)
< Coe Pl g oy ll€™ [l i) + Cae™ M0 (JJul ) + le™ [ @) lle™ [l @)
from which it follows that

<1_ﬂ(022+ 03) _ (Cl(kz + 1)672;1M+15 + CSEﬂMH&)) ||6M||?_11(Q)

Cy+C -
< (@ vy + LB ey, g,

with the help of the Cauchy-Schwarz inequality with any constant 8 > 0. Now,
by taking a large M,,n, and a small 8 such that
_ _ 1 Cy+C 1
(Cl(k‘2 + 1)6_2’“‘”1‘5 + Cge_’”“lé) < 1 for M > My, and W < T
we can obtain the estimate (3.49)) for eM in Q.
M

Step V: We prove that the errors e;” of auxiliary functions satisfy

M e~ Bn+18
le5 |12y £ C———llullr1(a) (3.50)
Hmin
for M > Mony-
We consider the decomposition of eé—w = eé-\f[SM + eé\éM. Due to (3.35)), the

high frequency component eé-\é M satisfies

e?,/I>M =M, sm — (Pyj — PZIJVI)(ul) onT;.

By using a trace inequality, (3.16)) and (3.49) it can be shown that

||e§'\,J>MHH1/2(I‘j) < ClleM|| g1y + Ce 410 |u|| g gy < Ce MM+ ||u|| giqy.
(3.51)
On the other hand, since the low frequency component eyg u satisfies

eMp, <m = e%ﬁM + Pij(ef\,JgM) on I';,

deM M M
aTQ_|F]~,SM =Tjj(ej<n) + Tijlei<nr)

J

on I';,

that is e{‘ffg o and eé‘g a are the Dirichlet traces on I'y and I'y of the right-going
and left-going components of e, in 12, respectively, the stability analysis
in Lemma based on the continuity of layer potentials for the non-cutoff
component and Lemma for the cutoff component still holds true and hence
we are led to

e—ﬁM+15
e[| ar0y < CTHUHHl(Q)
min

| (3.52)

||€§\7/I§M||H1/2(Fj) < . H@?MHHl(Q?) < p

min min
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Finally, (3.51)) and (3.52) yield that

M2 M2 M2 e P
”ej ”Hl/?(Fj) = ||ej,§M||Hl/2(rj) + ||ej,>M||H1/2(rj) <C 2 Hu”Hl(Q)a
min

which completes the proof. O

Finally we can establish the stability of approximate solutions to the problem

(3-1).

Theorem 3.11. For any M > M_on, the problem (3.1) has a unique solution
(uM ud udl) in W satisfying

1™, " usD)llw < Cllf -

PROOF. By Lemma and Theorem|3.10} there exists a unique solution (u™, u}, ul?)
in W to the problem (3.1) satisfying the error estimate (3.32). The stability

estimate in Theorem [2.10] for the exact solution (u,u1,u2) € W and a triangle
inequality give

1™, ud” ud")llw < 1™, el e3)llw + 11 (u, ur, u2) lw < Ol fllz2(o),

which completes the proof. O

4. Numerical experiments

For numerical tests for convergence of approximate solutions, we consider
the problem (with H a positive constant)

—Au—ku=0 inQ=(—H H)x(0,1),
ou
aVﬁ

=0 on(—H,H)x{0,1}

with Dirichlet conditions imposed on {+H} x (0, 1) such that the exact solution
is given by, if kK # nw forn =0,1,...,

49
u (wy,wz) = (D g 3o T2 (),

n=0
and if £k = N7 for some N < 50

49
u (@, ) = (2m1 + 1)Yn(22) + Y (e 4 geminnlram )y (),
n=0,n#N

We conduct numerical experiments for

(1) Relative L2-errors in © versus M,
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Figure 2: Relative L2-Errors vs. M
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(2) Relative L2-errors in  versus 6,
(3) Relative L2-errors in Q versus L,
(4) Relative L2-errors in Q versus fimin

by applying the finite element method to the problem with the help of the
finite element library deal.II [4]. As mentioned in Remark for numerical

computations we employ the variational problem associated with AM (),

AM ((u,uy, uz), (v,v1,v2)) = a™((u, Uy, ug),v) + BM((U,Ul,UQ), (v1,v2))

for (u,u1,us) and (v,v1,v9) € W, with v = —1 and the boundary terms EM(o, 3
with respect to the L?-inner product rather than AY(-,) including —yd™ (-, )
with respect to the H'/2-inner product.

Test (1): relative L2?-errors in Q vs. M. In this test we set k = 20 for the
case that cutoff modes are not involved and k = 67 for the case that a cutoff
mode exists. For the domain Q with H = 2.6, we take two cavities

Oy = (—H,~H+6) x (0,1) and Q= (H —6,H) x (0,1) (4.1)

with § = 0.125,0.25,0.5 and 1. The distance L between two cavities is given
by L = 2H — 2§. For each test case, the parameter M for the truncated MDtN
condition increases from 6 to 12. Figure 2| (a) and (b) show the results for
different 6 mentioned above when 21 and 29 are triangulated with quadrilateral
meshes of h = 1/400. For the case of 6 = 0.125 we can observe that the
errors decay exponentially at the rate of e ~#3+19 (represented by black dash-dot
curves) as functions of M, in particular for 6 < M < 9 until reflection errors are
dominant compared with finite element errors. We also conduct experiments
for fixed 6 = 0.25 but with different mesh sizes h = 1/200,1/400,1/800 and
1/1600 to see the behaviors of approximation errors in terms of finite element
mesh sizes. The results given in Figure [2| (c) and (d) illustrate that as the mesh
size is smaller the error plots are closer to the theoretical decay rates (black
dash-dot curves). For § = 0.5 and 1, the reflection errors are small enough even
at M = 6 compared with finite element errors so that using more Fourier terms
in the MDtN condition does not improve the accuracy. _

Test (2): Relative L?-errors in  vs. §. We take the same domain ) as that
used for Test (1) with H = 2.6. For two cavities Q; and Qs defined by
with an increasing sequence § from 0.1 to 0.32 with increment 0.02. Here we
consider § to be the distance from the wave sources to the artificial boundaries
I';. We decompose them into quadrilaterals with h = 1/800. The distance L
between two cavities is given by L = 2H — 20 as well. In this test, for fixed
M = 10,15,20 and 25 we compute relative L?-errors as a function of 6. The
resulting plots for k = 20 are given in Figure[3] It can be seen that the errors
obtained by using the truncated MDtN condition with M = 10 decrease expo-
nentially approximately at the rate of e #¥+1% as § increases up to 0.2 but they
grow after that. Similarly, errors in other cases decrease until some points and
then they increase. The reason that the errors grow after § passes a threshold
can be explained in terms of pollution errors of finite element approximations
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Figure 3: L2-Errors vs. § for k = 20, h = 1/800

for the Helmholtz equation studied in [12], 13} 14]. When the domain size in-
creases along the x1-axis with both wavenumber &k (which is equal to the largest
axial frequency o) and mesh size h fixed, after rescaling the computational
domain to the unit one we can have kshs = constant with increasing rescaled
wavenumber k, and decreasing rescaled mesh size hs. According to the theory
in [I2] 13l [14], the condition kshs = constant does not give a mesh resolution
fine enough to get rid of pollution errors. In fact, the pollution term defined
in [12] is proportional to hsk? and hence once the reflection error determined
by the factor e #v+1% hecomes ignorable compared with finite element errors,
overall approximation errors grow with increasing domain size. Therefore it is
preferable to set computational domains 2 containing the region of interest as
tight as possible and control M to obtain required approximate solutions by
choosing e~ #M+19 to be less than a reasonable reflection error. The minimal M
in order that e #M+19 < ¢ for § = 0.1 is given in Table

h Sl 10t 10-2 | 1073 | 10~*
6 3 14 21 23
20 8 14 21 29

Table 1: The minimal M so that e #M+1% < ¢ for § = 0.1

Test (3): Relative L?-errors in Q vs. L. The purpose of the third test is
to show that the proposed technique is independent of the aspect ratio of the
removed waveguide {215, that is, keeping the height fixed (unit length in this
example) it does not depend on the distance L between two artificial boundaries.
To this end, let 6 = 0.2 be fixed and set H = L/2+ ¢ for increasing L from 4 to
42, so that two cavities Oy = (—L/2 — 6, —L/2) x (0,1) and Qo = (L/2,L/2 +
0) x (0,1) are L apart from each other. We take k = 20 and M = 14 for which
the reflection error is reduced by the factor e #M+19 < 1.9670 x 10~%. The
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Figure 4: Relative L2-errors vs. L with § = 0.2, M = 14

errors of finite element approximations for h = 1/400 are reported in Figure
We can observe that the errors (solid blue line) of most cases except at several
peaks are below 3 x 1073, In fact, these peaks are related with eigenvalues of
the operator £ = —A in ) with the mixed boundary conditions on 9. To
present the relation, Figure [4] includes the graph of a constant multiple of the
resolvent norm given by 1/d(k?, o (L)) with the dash-dot red line, where o(L)
is the spectrum of the operator £ and d(k?,o(L)) is the distance from k? to
o(L). The shapes of these two plots have a quite good agreement qualitatively.
Thus, the performance of the method does not depend on how far away two
computational domains are placed if k? is away from the spectrum of L.

Test (4): Relative L?-errors in € vs. fimin. Two cavities Q; and Q5 in this
test are defined as with H = 2.6, 0 = 0.2 and L = 2(H — J) = 4.8. We
take the wavenumbers k = ko + € for kg = 47 or 7w with small e from 1072 to
10~8 for which pmin = |[k? — k3|Y/? = |(ko £ ) — k2|*/?. We use M = 20 so
that e #m+19 ~ 2.3688 x 1070 for k = 47 + ¢ and 3.9568 x 1076 for k = 7w +¢.
The resulting error plots for h = 1/400 are presented in Figure [5| which shows
that the performance of the method is independent of near-cutoff modes. As
a special case we also conduct a test to show that the decomposition of the
right-going and left-going components of the solution and the error is stable
with respect to the weighted norm involving fimin as in Lemma and (3.50).
To do this, we choose k = 77 + ¢ and the exact solution

U (1, o) = (M (TIFE/2) _ T (@H L2y, (0) = Qisin(ur (21 + L/2)) Yz (x2)

with A7 = 77 and pimin = /A% — A2. Here —L/2 is the x-coordinate of the
artificial boundary I';. In this case, we have

w78 a2 gy = [0 ey = (14 (7m)%) 4,
whereas

[u]| 1 (0) = O(pimin)  as € — 0%,
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We compute the L2-norms of finite element solutions instead of the full Sobolev
norms as it is challenging to compute the fractional Sobolev norms. As shown
in Table[2] the right-going and left-going components are bounded with respect
to the weighted norm involving pimin-

y € | 1073 10~4 10-5 106 10~7 108
fromin (1w E | 20y + ([0 ]| L2y )
[u] r2(02) 1.0094 | 0.9744 | 0.9711 | 0.9707 | 0.9707 | 0.9707
prmin (|2 | L2cry) + €3[| 2(ry))
1 o 1.3117 | 1.2639 | 1.2592 | 1.2587 | 1.2587 | 1.2587
€M L2(0) _3
T o) x1077) 1.8904 | 1.8806 | 1.8796 | 1.8795 | 1.8795 | 1.8795
w20

Table 2: Stable decomposition of the right-going and left-going components

Lastly, as an application of our method, we can consider a wave propaga-
tion problem associated with ring resonators. The domain consists of infinite
straight waveguide R x (0,1) and three ring resonators Rj, Ry, R3 centered at
(0,4),(16,4) and (32,4), as shown Figure [f] (a) and (c). The outer radius and
the inner radius of the ring resonators are 3.5 and 2.5, respectively. For non-
reflecting boundary conditions, the perfectly matched layer (PML) is imposed
in the regions (—4,—3) x (0,1) and (35, 36) x (0,1). We compute solutions for
k = 1,2 when an incoming wave defined by

ui"(xl, o) = ei“o(Wr?’)Yb(xg)

is propagating through the cross-section at 1 = —3. We confine each resonator
in a small computational domain

Q) = RiU(=4,3)x (0,1), Qs = RyU(13,19) x (0,1), Q3 = R3U(29,36) x (0,1)
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and impose the MDtN condition with M = 4 on artificial boundaries. Here ;
and )y include PML in the left side and in the right side, respectively. The
finite element method with h = 10~2 produces the solutions shown in Figure [f]
(b) and (d). The solutions in Figure [] (a) and (c) are obtained by solving them
in a single computational domain. We can see that two solutions ((a) and (b)),
((c) and (d)) obtained by two different methods coincide with each other .
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