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It has been studied in Ref1,2 that resonance frequencies of the imperfect acoustic cloaking based
on a small perturbation of the transformation acoustics in R

2 are located near Dirichlet eigenvalues
of the cloaked region. In this letter, we study the performance of three dimensional approximate
cloaking system based on the transformation acoustics and show that the cloaking effect may be
deteriorated at zero-th order Neumann eigenvalues of the concealed region. In particular, transmit-
ted fields into the concealed region can be extremely resonated at frequencies corresponding to the
zero-th order Neumann eigenvalues while scattered fields are suppressed well for any frequency. In
order to enhance the cloaking effect at resonance frequencies, we introduce a lossy medium inside
the cloaked region and show that the new proposal can reduce the intensity of transmitted fields
significantly due to the lossy medium.

PACS numbers: 43.20.Bi, 43.20.Fn, 43.25.Gf

The acoustic cloaking is a device manipulating acous-
tic waves in a way that objects inside the device can be
rendered undetectable from probing acoustic waves. This
fascinating idea proposed in Ref3 with respect to electro-
magnetic waves for the first time opened up a new re-
search area regarding invisibility for electromagnetic3,4,
acoustic5–9 elastic waves10,11 and quantum fields12. In
particular, the acoustic invisibility in R

3 can be achieved
by introducing transformation acoustics9,13 that can be
thought of as a compressing transformation in R

3 map-
ping a ball of radius b punctured at the center radially
to a concentric spherical shell bounded by two spheres
of radii a and b, respectively, with 0 < a < b. Since
one point blows up a sphere of radius a, it turns out
that some of the material properties derived from the
ideal cloaking based on the pushing-out type transfor-
mation have essentially the infinite value9. One can
avoid the singularity of the materials induced from the
singular transformation by considering a perturbation
technique13 defined in terms of the radial transformation
fε(r) = (b − ε)(r − b)/(b − a) + b for a < r < b map-
ping from a spherical shell of radii a and b to another
shell of radii ε and b with ε > 0 much smaller than the
wave length of probing waves. However it was reported in
Ref1,2,14 that for two dimensional cloaking system there
exist resonance frequencies for which penetrated waves
into the cloaked region can be highly excited and hence
deteriorate the cloaking performance.
In this paper, we first investigate the resonance phe-

nomenon for the imperfect acoustic cloaking in R
3 and

verify that resonance frequencies of the perturbed cloak-
ing system are located near zero-th order Neumann eigen-
values of the cloaked region for the small perturbation pa-
rameter ε. This result is an analogy in R

3 of the former
result2 of the resonant scattering arising in the imper-
fect acoustic cloaking in R

2. As a second part, we study
a method that can suppress the resonance effect by in-
troducing a lossy medium inside the cloaked region, for
instance in the region with a/2 < r < a as in Fig. 1.
This proposal enables us to design acoustic cloaking de-
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FIG. 1. Configuration of the cloaking device with a lossy
medium.

vices that can make effective performance for any fre-
quency. In particular, since penetrated resonance modes
become a major source of noises in the cloaked region, it
is important to remove resonant penetration inside the
cloaked region in developing an acoustic insulator.
Now, the cloaking effect for each wavenumber k of the

perturbed cloaking system without a lossy medium can
be quantified by evaluating the total scattering cross sec-
tion (TSCS) that can measure the scattering power, as-
suming a plain incident wave with wavenumber k is prop-
agating along the x1-direction:

uin(x) = eikx1 =

∞
∑

n=0

n
∑

m=−n

Km
n jn(kr)Y

m
n (θ, ϕ) (1)

with Km
n = 4πinY m

n (π/2, 0), where (r, θ, ϕ) is a represen-
tation of x in spherical coordinates, jn are the n-th order
spherical Bessel functions and Y m

n (θ, ϕ) are the spheri-
cal harmonics. Then the acoustic pressure fields can be
given in terms of spherical Bessel functions and spherical
Hankel functions h1

n of the first kind and order n as fol-
lows: denoting scattered fields for r > b, pressure fields
in the cloaking shell for a < r < b and transmitted fields
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for r < a by usc, ush and utr, respectively,

usc =

∞
∑

n=0

n
∑

m=−n

amn h1
n(kr)Y

m
n (θ, ϕ) for r > b, (2)

ush =

∞
∑

n=0

n
∑

m=−n

(Km
n jn(kfε(r)) + amn h1

n(kfε(r)))Y
m
n (θ, ϕ)

for a < r < b, (3)

utr =

∞
∑

n=0

n
∑

m=−n

bmn jn(kr)Y
m
n (θ, ϕ) for r < a. (4)

Here the coefficients amn and bmn will be determined by
the continuity of pressure fields and the normal flux at
the interfaces between the cloaking layer and the cloaked
region in terms of the coefficients Km

n of the incident
fields:

[

−h1
n(kε) jn(ka)

−ε2(h1
n)

′(kε) a2j′n(ka)

] [

amn
bmn

]

= Km
n

[

jn(kε)
ε2j′n(kε)

]

.

(5)
A simple computation yields that

amn = Km
n (ε2j′n(kε)jn(ka)− a2jn(kε)j

′
n(ka))/dn,ε, (6)

bmn = Km
n /(ik2dn,ε), (7)

where dn,ε = a2h1
n(kε)j

′
n(ka)− ε2(h1

n)
′(kε)jn(ka).

Now, the asymptotic analysis based on15

h1
n(r) ∼ −ieir(2n− 1)!!/rn+1 (8)

(h1
n)

′(r) ∼ ieir(n+ 1)(2n− 1)!!/rn+2 (9)

for small r, where (2n − 1)!! = 1 · 3 · . . . · (2n − 1) with
(−1)!! = 1, shows that h1

n(kε) grows to infinity as a poly-
nomial of 1/ε of degree n + 1 while ε2(h1

n)
′(kε) does as

a polynomial of degree n as ε → 0. Therefore when
j′n(ka) 6= 0, we have |dn,ε| → ∞ as ε → 0 for all n ≥ 0.
In case when j′n(ka) = 0 (k is a Neumann eigenvalue of
the cloaked region), we have |dn,ε| = −ε2(h1

n)
′(kε)jn(ka),

which grows to infinity as ε → 0 if n 6= 0 due to (9).
However, if j′n(ka) = 0 with n = 0, that is, k is a zero-th
order Neumann eigenvalue, then dn,ε can not retain the
blowing-up property but we have a finite value of dn,ε in-
stead. Therefore, it can be observed that since ε2j′n(kε)
tends toward zero as ε → 0, so does the numerator of amn .
It then follows that the coefficients amn of the scattered
fields usc decay for any n,m, which validates the cloaking
effect of the perturbed cloaking system. The effectiveness
of the imperfect cloaking with ε = 0.0001 is depicted in
Fig. 2(a) in terms of the TSCS. We can see that the
TSCS is approximately 1.2 × 10−7 for all wavenumber
except two narrow resonance peaks and dips labeled by
N01 and N02 near zero-th order Neumann eigenvalues,
4.4934 and 7.7252 with only four significant digits dis-
played. It is noticed that the peaks get smaller as ε goes
to zero as in Fig. 2 (b) and (c).
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FIG. 2. (a) Total scattering cross section of the cloaking sys-
tem without a lossy medium. (b) and (c) The solid, dashed,
dotted curves are obtained with ε = 10−4, 10−5, 10−6.

In contrast, the situation for the transmitted fields is
different from that of the scattered fields since the nu-
merator of bmn is independent of ε. In case of k that is
not a zero-th order Neumann eigenvalue, as discussed in
the above, since dn,ε → ∞ as ε → 0, bmn goes to zero,
which means that transmitted fields can be negligible for
small ε. However for such a k with j′0(ka) = 0, b00 stays
away from zero even if ε is small enough and hence the
suppression of transmitted fields in the cloaking device
may fail to work at the frequency. In order to measure
the strength of the transmitted fields through the surface
at r = a, we integrate the coefficients of the transmitted
fields, Km

n /(ik2dn,ε) over all the azimuthal ϕ and polar
θ angles
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∣

∣

∣

∣
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∣
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2

dS. (10)

Fig. 3(a) illustrates the intensity of transmitted fields
which has peaks near Neumann eigenvalues of the cloaked
region. It is observed that the peaks N01 and N02 appear
near the zero-th order Neumann eigenvalues and those
for N11, N12, N13 correspond to the first order Neumann
eigenvalues. These peaks are consistent with the peaks of
the transmission coefficients, 1/|k2dn,ε| for n = 0, 1, de-
fined by the ratio of the amplitude of transmitted fields to
that of incident fields in each Fourier mode, as presented
in Fig. 3(b). We note that the transmission coefficients
for n = 1, 2 also have peaks near the first (2.0815, 5.9403
and 9.2058) and second (3.3420 and 7.2899) order Neu-
mann eigenvalues because the increase order of dn,ε is
reduced by one degree at the Neumann eigenvalues, but
they are small enough to make no noticeable influence to
the transmitted fields. However, when the incident fields
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FIG. 3. Intensity of transmitted fields and transmission co-
efficients with ε = 0.0001. (a) Comparing the intensity of
transmitted fields of the cloaking system with a lossy medium
(β = 0.5, 1, 5) and without a lossy medium. (b) Transmission
coefficients for n = 0, 1, 2 in case of no lossy medium.

with a frequency associated with a zero-th order Neu-
mann eigenvalue, for instance ka = 7.7252 correspond-
ing to N02, propagate into the cloaking system, a highly
localized monopole resonance mode is observed in the
cloaked region in Fig. 5(a).
From here on, we study the cloaking system equipped

with a lossy medium, in which wavenumber is given by

k̃ =
√

k2 + ikβ motivated by Ref16 based on electromag-
netic loss, inside the cloaked region to suppress the res-
onated transmitted fields. Here β is a positive parameter
determining the attenuation rate of the lossy medium,

ℑ(k̃) = ((−k2+k
√

k2 + β)/2)1/2, an increasing function
of β. In this case, while the acoustic pressure fields for
r > a have the same expressions as (2) and (3), the pres-
sure fields for r < a are written as two series expansions
depending on r. With wavenumber k̃ in the lossy medium
for a/2 < r < a, the pressure fields are

ulo =
∞
∑

n=0

n
∑

m=−n

(bmn jn(k̃r) + cmn yn(k̃r))Y
m
n (θ, ϕ) (11)

where yn are the spherical Bessel functions of the second
kind and n-th order. Here the coefficients amn and bmn are
reused for simple presentation. The transmitted fields for
r < a/2 have the formula

utr =

∞
∑

n=0

n
∑

m=−n

dmn jn(kr)Y
m
n (θ, ϕ) for r <

a

2
. (12)

Taking the continuity of the pressure fields and normal
fluxes for (3), (11) and (12) on the interfaces at r = a and

a/2 into account, we derive the linear system AX = R
for the unknown X = (amn , bmn , cmn , dmn )T , where

A =









−h1
n(kε) jn(k̃a) yn(k̃a) 0

−kε2(h1
n)

′(kε) a2k̃j′n(k̃a) a2k̃y′n(k̃a) 0

0 jn(k̃a/2) yn(k̃a/2) −jn(a/2)

0 k̃j′n(k̃a/2) k̃y′n(k̃a/2) −kj′n(a/2)









(13)
and R = (Km

n jn(kε),K
m
n kε2j′n(kε), 0, 0)

T . It can be eas-
ily shown that the solution of the linear problem is given
by

amn =
[

(A33A44 −A34A43)(R1A22 −A12R2) (14)

+ (A32A44 −A34A42)(R2A13 −A23R1)
]

/Tn,ε,

bmn = (A33A44 −A34A43)(A11R2 −R1A21)/Tn,ε, (15)

cmn = (A32A44 −A34A42)(R1A21 −A11R2)/Tn,ε, (16)

dmn = (A32A43 −A33A42)(A11R2 −R1A21)/Tn,ε, (17)

where Ai,j and Rj are components for A and R, and

Tn,ε = A11[A22(A33A44 −A34A43)

−A23(A32A44 −A34A42)]

−A21[(A12(A33A44 −A34A43)

−A13(A32A44 −A34A42)].

(18)
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FIG. 4. The graphs of TSCS for the cloaking system with a
lossy medium obtained with ε = 0.0001.

We claim that Tn,ε → ∞ for n ≥ 0 as ε → 0. Indeed,
we first note that Aij with j > 1 are independent of ε
and the factor (let us denote it by J) multiplied by A11

in (18) is the determinant of the 3×3 submatrix obtained
by deleting the first row and first column of A. The non-
vanishing determinant J of the submatrix is guaranteed
by the unique solvability of the homogeneous Neumann
boundary value problem in the cloaked region attached
with the lossy medium. By carrying out the same argu-
ment as that used for the cloaking system without a lossy
medium, it can be concluded that Tn,ε → ∞ for n ≥ 0
as ε → 0, since J is non-zero and A11 = −h1

n(kε) grows
to infinity faster than A21 = −kε2(h1

n)
′(kε) as ε → 0 by

(8) and (9). More precisely, Tn,ε grows as a polynomial
of 1/ε of degree n + 1. Since the numerator of amn is
bounded and those of bmn , cmn and dmn grow as polynomi-
als of 1/ε of degree n, the pressure fields on all regions



4

-1.69

7.79
(a)

-1

1
(b)

FIG. 5. Snapshots of the acoustic pressure fields for ε =
0.0001 when the plane incident fields with ka = 7.7252 prop-
agate along the x1 direction. The cutting surfaces are the
x1x3-plane and two half spheres of radius 1.7a and 3a. (a)
The transmitted fields are highly excited in the stand-alone
cloaking system. (b) The transmitted fields vanish in the
cloaking device with a lossy medium.
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FIG. 6. The graphs of TSCS and intensity of transmitted
fields vs. β for fixed ka = 4.4934, ka = 5 and ka = 7.7252.

decay as ε → 0. The result of the TSCS computation is
illustrated in Fig. 4, from which it can be seen that with
the increase of β the cloaking device with a lossy medium
smears out the resonance peaks and dips of TSCS with-
out deteriorating the damping effect for scattered fields

for any frequency compared with the stand-alone cloak-
ing system. As expected, no sharp resonance peak ap-
pears in the graph of the intensity of transmitted fields
given in Fig. 3(a) for β > 0. Furthermore, transmitted
fields can be damped more for larger β. In order to have
a deeper understanding on the effect of a lossy medium
we evaluate the TSCS and the intensity of transmitted
fields for varying β for given frequencies ka = 4.4934 and
7.7252 near the resonance peaks and dips and ka = 5
away from those. As is observed in Fig. 6(a), the range of
the TSCS is confined in a narrow band between 10−6.009

and 10−6.9007, which means that the cloaking effect for
scattered fields does not change much for these particu-
lar frequencies. Also, the steep increase of the TSCS for
ka = 4.4934 and 7.7252 with small β is consistent with
the fact that lossy media reduce the resonance peaks and
dips in Fig. 4. Fig. 6(b) exhibits the fast decrease of the
intensity of transmitted fields with increased β in par-
ticular for frequencies near the resonance peaks, which
demonstrates the significant damping effect of the lossy
medium. The snapshot in Fig. 5(b) shows the wave prop-
agation in the cloaking system with a lossy medium, in
which the transmitted fields are sufficiently suppressed.
In conclusion, for a small perturbation parameter ε, we

verify theoretically that the radiating acoustic pressure
fields scattered from the perturbed cloaking system can
be rendered undetectable for any frequency and present
numerical computations for the TSCS that confirm the
theory. In order to avoid the resonance phenomenon ars-
ing at zero-th order Neumann eigenvalues in the cloaked
region, we introduce a lossy medium in the cloaked re-
gion and justify that all scattered and transmitted fields
can be reduced up to the undetectable level by taking a
small perturbation parameter ε. Due to this resonance-
free cloaking system, it is expected to be able to develop
acoustic devices that can not only conceal objects from
outside detectors but also provide a noise-free space in
the concealed region.
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